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SYNOPSIS 


The fact that anomalies may arise in a field theory when 
it is quantized has been known ever since the ABJ chiral anomaly 
was discovered in the late sixties using standard perturbation 
theory techniques. 

A derivation of anomalies entirely in the path-integral 
framework had been lacking until Fujikawa derived almost all the 
known anomalies in a path- integral formulation. While his 
derivation of anomalies has had great appeal due to the simplicity 
and ease with which the anomalies have been derived, there are 
limitations, which can be attributed to his derivations being 
somewhat particular and not general enough, as explained below. 
Fujikawa gives a prescription for defining the path- integral 
measures in terms of eigenfunctions of the "Energy operators" of 
the theory, in Euclidean space. By formal, unregularized 
manipulations he identifies the anomalies with jacobian factors 
arising in the transformation of these measures under symmetry 
transformations on the fields. The jacobians which are ill- 
defined quantities, are regularized by hand using eigenvalues of 
these energy operators. The particularity of Fujikawa's formalism 
is due to the crucial dependence of his method on the specific use 
of energy operator eigenfunctions and eigenvalues. Unacceptable 
results are got when eigenfunctions and eigenvalues of operators 
other than "Energy operators" are used. Because of this, many 
ambiguities in anomaly formulations are not understood 
satisfactorily within his derivations. 
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Formulas for anomalies reflect the ambiguities which 
arise when infinities are regulated. The ambiguities manifest as 
arbitrariness in anomaly expressions. There are many examples of 
this. For example, in (QED)2 4 one has a family of vector and 
chiral anomalies. In two-dimensions the family is defined by 


<a%''> 


_e (1-a) a. A 
2n 


The anomalous expressions are arbitrary due to the 
presence of a real free parameter "a" which also defines the 
family structure of anomalies. No value of the parameter exists 
which makes both anomalies vanish. In the formalism as presented 
by Fujikawa, the family structure remains unexplained, since the 
presence of the parameter cannot be accounted for. 

In the first part of the thesis we have derived the 
family of anomalies in QED, in two and four-dimensions. This is 
done by using the complete set of eigenfunctions and the 
eigenvalues of the parameter dependent hermit ian operator 
= ^ iea^, "a” being the real free parameter. In the 

path- integral, the fermion fields are expanded in terms of the 
eigenfunctions of ^ . In two dimensions for example, we then 
derive WT identities associated with local chiral and vector 
transformations and use these to simplify expressions for 
divergences of vector and axial-vector currents. The anomaly 
terms that result are unregulated and ill- defined and we 
regularize them in terms of eigenvalues of 0 ^. This leads to 
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equations for family of anomalies given above. These same results 
are also equivalently derived by us, by starting out with 
definitions of regularized currents given as 

exp[-5f^/M2]r^ exp[-1^2/M^]V»> and exp[-$^/M^] 

exp [ /M^ ] (^> respectively. This leads to anomaly derivations 
which are well-defined at all steps of evaluation and no 
regularizations are introduced by hand at an intermediate stage. 
It is seen that the anomaly terms get contributions from two 
sources: a) The jacobian term, a la Fujikawa b) A term which can 
be interpreted as arising from the action. The case a=l which 
gives a gauge invariant regularization coincides with Fujikawa's 
results and the anomaly contribution is entirely from jacobian. 
The use of the free Dirac opeator ^ (a=0 case) is perfectly 
consistent in our method (unlike Fujikawa's) and here the anomaly 
comes entirely from action sources. 

In a straightforward extension of the formalism given 
for (QED) 2 we derive the equations for the family structure in 

four dimensions which are based on a single regularized quantity 

AM .... .... 

, this being defined in the same way as in 2 -dimensions using 

operator 0 . Explicit calculations in both two and four 

dimensions reveal that the free parameter in anomaly equations is 

related to the free parameter a in 0^. An important observation 

is that the arbitrariness in anomaly expressions, manifest through 

the presence of a parameter, is seen, in the path - integral 

framework, to be a consequence of the arbitrariness in the 

definition of the path-integral measure. This arbitrariness in 

the definition is due to the freedom in expanding the fermion 

fields in terms of eigenfunctions of a "series" of operators 0 , 
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"a” defining the series. 

The detailed calculations done in the four dimensional 

case prove to be quite laborious. We have, in the thesis, given a 

compact proof for existence family of anomalies in (QED)^ which 

avoids the need for detailed calculations. This proof is based on 

examining the parameter dependent contributions to «ind 

AM AM 

proving the locality of <(J,, - J,, in the limit M — >». 

This proof holds, with the appropriate modifications, in two 
dimensions also. i 

We have then carried out further generalization of our 
formulation for anomaly derivations in QED which are based on the 
axial vector current being regularized in a very general fashion. 
We define as < q(Y)r^7^ f(X)^ >, where the fermion fields ill 

and ^ are expanded in terms of eigenfunctions of fairly general 
operators X and Y respectively which could depend on many 
parameters, and very general regularizing functions f and q are 
used. Using this definition of we show that the one 

parameter family of anomalies of QED still holds. Thus use of 
to define is seen as a special, simple case which is 

sufficient to yield family structure in 2 & 4 dimensions but its 
use is not crucial for obtaining family. In fact, this work shows 
that anomaly derivations in path-integral formulation can be 
carried out by using a very general basis to define path-integral 

A 

and regularize . We also see that special choices of X, Y, / 
and q in lead to derivation of anomalies which is equivalent 

to other known derivations like those based on Feynman 
diagrammatic calculations, point-splitting calculations, use of 
non hermitian operators, proper time methods, and Fujikawa's 
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calculations using 0, etc. A derivation of recmlarized general 
WT identity is also given in this work. 

'Consistent' and 'Covariant' anomalies in non-abelian 

chiral gauge theories provide another example of ambiguities in 

anomaly formulations. In these theories one gets either the 

consistent or the covariant anomaly depending on the procedure of 

evaluation. In this thesis, we have looked at this aspect of 

chiral anomaly in a two-dimensional non-abelian gauge theory with 

the fermionic action given by S = in the 

path-integral formulation. We give definition of the 

path-integral measure and regularization procedure using a single . 

hermitian parameter dependent operator ^ ioc^. Explicitly, 

the fields and are expanded using chiral bases and 

i-i Jj n 

R 

} respectively, both of which are sets of eigenfunctions of 

2 

. We then give a straightforward regularization for the gauge 
current using eigen- values of , in a way analogous to the 
abelian case, thus defining family of regularized chiral currents. 
We show that a = 0 case gives a consistent current whose covariant 
divergence gives the consistent anomaly, and the a=l case gives 
the covariant current whose covariant divergence gives the 
covariant anomaly. 

Therefore, we see this far, that ambiguities in anomaly 
formulations could be explained, in the path-integral formulation, 
as arising from the ambiguities in the definition of path-integral 
measures which are due to the freedom of expanding the fermion 
fields in any basis. In the concluding part of the thesis we 
show that renormalization prescription ambiguities can also be 
correlated with the arbitrariness in the definition of the path 
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integral measures. Specifically, we discuss the renormalization 
of bilinear composite operators in path-integral framework at one 
loop level in the setting of a Yukawa-type theory and show that 
all ambiguities in their renormalization can be understood as 
arising from the arbitrariness in the choice of basis for the 
definition of path-integral. 
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CHAPTER - I 

INTRODUCTION 


In a classical field theory, corresponding to every 
continuous symmetry of the Lagrangian there exists a conservation 
law given by the Noether's theorem. When the system is quantized, 
it may happen that the quantization procedure fails to preserve 
the entire set of such symmetries (as a whole) , present at the 
classical level. The symmetries affected by quantization are 
termed as "anomalous”, and the overall symmetry of the classical 
system in such a case is reduced because of quantization. The 
existence of anomalies can be attributed to the unavoidable 
infinities of relativistic local field theory. In those cases 
when anomalies are present, no regularization procedures exist 
which simultaneously respect all the continuous symmetries of the 
classical theory. Thus, anomalous breaking of symmetries, which 
is one way in which symmetries are broken, is seen to arise 
entirely from quantum mechanical effects. 

Effects of anomalies show up widely in particle physics. 
The chiral anomaly was discovered by Schwinger [1]. It has had 
many consequences of physical interest [2]. When the current 
associated with the chiral symmetry is not gauged and the related 
Ward-Takahashi identities are not needed to establish 
renormalizability of the theory, nonvanishing chiral anomaly can 
be accomodated in a physical theory where it may lead to 
observable consequences. For example, it contributes to the tt® 
— > y y decay rate [ 3 ] . Here , a good agreement with the 
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experimental decay rate was obtained with three colours of quarks. 
This was historically, an early vindication of the concept of 
colour and QCD. The chiral anomaly was also useful in the 
elucidation of the U(l) problem in QCD: non-existence of the ninth 
Goldstone boson associated to a broken symmetry of QCD [4]. When 
the anomalous current is a gauge source current, there are 
problems in proving renormalizability of the theory, and for a 
consistent amd physically interesting theory, anomaly cancellation 
has to be arranged for. This leads to important results. For 
example, the requirement that the Standard Model be anomaly free 
leads to constraints on the particle content of the model. In 
particular, it leads to the prediction that for every observed 
lepton there should exist a quark [ 5 ] . 

For a long time, the known derivations of anomalies had 
been Feynman-diagrammatic, or based on definition of currents 
regularized by point-splitting techniques [ 6 ] • A derivation of 
anomalies entirely in the path- integral formulation had been 
lacking until Fujikawa in a series of papers, derived almost all 
the known anomalies (e.g., chiral anomaly [7-9], trace anomaly 
[10]), in a simple and straightforward way [11]. Working in a 
path-integral framework inspired by the one proposed by Fujikawa, 
we have, in this thesis, given a general formulation of anomalies 
in QED and an understanding of arbitrariness in chiral anomaly 
formulations and renormalization prescriptions within the 
path-integral formulation. To understand the chief motivations 
and results of the work presented in this thesis it would be 
useful to examine Fujikawa's path-integral formulation of 
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anomalies a little more closely. The three main ingredients in 
his recipe for deriving the anomaly by the functional technique 
are [11] 

(1) Definition of the path-integral measure in Euclidean space 
in terms of the eigenfunctions of the hermitian, covariant 
"Energy Opertor” of the theory. 

(2) Identification of the anomaly with the jacobian factor J, 
arising in the transformation of the measure under local 
field transformations. Such an identification is made 
through a formal derivation based upon manipulations with 
unregularized quantities. 

(3) Regularization of the jacobian factor (which is usually 
ill-defined) , by hand, in terms of the eigenvalues of the 
' Energy Operator ' . 

As an example, consider the derivation of the chiral 
anomaly in QED by the Fujikawa method [7]. 

Here the fermion path-integral is given by 

. / )\lt d'^x 

W[A] = DW e 

Fujikawa defines the path-integral measure as 

n da„ n db_, where a„ and b are Grassmann coefficients arising in 
n n HI iti n in ^ 

the expansion of \l) and ^ in terms of the complete set of 
eigenfunctions {0^^} of p : 

^^(x) 
n 

m 


( 1 . 1 ) 
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Consider infinitesimal local chiral transformations on 
the fermion fields il/ and ^ : 


ia(x)y_ 

\Jf{x) — > e ^(x) = j; aj^'«^^(x) . 


_ ia(x)y^ _ 

i//(x) — > iji & = E 


The current associated with these transformations is defined in 


the variation of the action : 


5S = -J(a^a (x)]j^^ (x) d'^x - 2im^ a(x)d^x. 

The transformation of the measure s DbDa is given by 

Da'Db' = Da Db J(a) . 

Here J is the jacobian factor. Considering the chiral 
transformations as merely change of integration variables in the 
fermion path- integral W[A] = J DaDb e®, we would require 5W = 0. 
This leads to the anomaly equation 

< 3^ > = 2im^ < > - |^ In J . 

Since W[A] is not regularized, the derivation of this 
equation is formal. 


Here, In J(a) = -2jd^x ia(x) A(x),with A(x) = E “ 


. 4 . t 

lim tr y_5 (x-y) , clearly not well defined. The sum E ^ ^ 

x-»y ^ n ^ ^ ” 

2 ' .2 

t -*n/“ 

is regularized using eigenvalues of 0, as E ® 

n 

evaluated, with the limit M — ^ m taken at the end, yielding 
ie^ ~uv 

F F . The regularizing function e 


8ti 


2 ~ tJLV 


can be replaced 
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by general functions ) which satisfy f(o) = 1, /(«) — /' («) 

“ • • • • ■“ 0 ♦ 

While Fujikawa's derivation of anomalies in the path- 
integral formalism has had great appeal due to the simplicity and 
ease with which almost all kinds of anomalies have been derived, 
there are drawbacks, which can be attributed to his derivations 
being somewhat particular and not general enough. The 

particularity in his formalism is due to the specific use of the 
"energy operator" eigenfunctions and eigenvalues. Moreover, this 
choice is also crucial to his method: The formalism does not hold 
when basis eigenfunctions and eigenvalues of other operators are 
used. For example, unacceptable results are got when the basis 
and the set of eigenvalues belonging to the operator ^ 

i • • . • t 

are used in defining and regularizing the anomaly factor g 
A null result is obtained for lim g ^ ® 

surprising, since this is a gauge-field independent quantity. At 
the same time, the vector anomaly is absent too since the measure 
DipDiji remains invariant under the vector transformations on ^ and ip, 
and there is no jacobian factor. This would imply that we have a 
regularization respecting chiral symmetry and gauge invariance 
simultaneously. In other words, the chiral anomaly does not 
exist 1 


Due to this particularity of Fujikawa's formalism, many 
aspects of anomalies are not satisfactorily understood within his 
path-integral framework. As has been mentioned earlier, anomalies 
owe their existence to the unavoidable infinities of local, 
relativistic Quantum Field Theory. The need to regulate these 
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infinities introduces ambiguities in anomaly formulations. These 
ambiguities manifest as arbitrariness in anomaly expressions. 
There are many examples of this. For example; 

(1) In two and four dimensional QED one has the "family” of chiral 
and vector anomalies. This family implies that no 

regularization procedures exist, which respect chiral symmetry 
(up to mass terms) and gauge invariance at the same time. In 
two dimensions, this family structure is neatly exhibited in 
the following pair of equations which are in terms of the 
divergences of axial-vector and vector currents [12-17] :- 






= + Is (1+a) • 

271 fX 


(1.2a) 

(1.2b) 


The anomalous terms are arbitrary due to the presence of 
a free parameter 'a', which defines the family structure and 
reflects the chamaleon like character of the anomaly: There is no 
value of parameter for which the anomalous terms from both the 
axial-vector current and vector current divergence vanish. Such a 
family is, in fact, the essence of the chiral anomaly, which is 
identified with the case a = 1 in Eqs. (1.2), by invoking gauge 
invariance. Such a family structure exists in four-dimensions too 
[6, 18-20]. 

(2) In non-abelian gauge theories one gets either the 'consistent' 
or 'covariant' anomaly depending on the procedure of 
evaluation [21] . 


All such ambiguities are not satisfactorily understood 
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within Fujikawa's path- integral framework. For example, the 
family structure remains unexplained. In the first part of the 
thesis we have derived the family structure of anomalies in two 
and four dimensional QED, in the path-integral formulation. In 
chapters II and III, we have derived the family of anomalies in 
two-dimensional QED [13,14]. This has been done by making use of 
the parameter dependent operator 0^ = ^ + iea|^, which is hermitian 
in Euclidean space. ('a' is the free parameter). We have shown 
that as far as the family structure is concerned, it is sufficient 
to consider 0, as the operator whose complete set of 

a. 

eigenfunctions are used to expand the fermion fields and whose 
eigenvalues are used for regulating ill-defined quantities. The 
free parameter 'a' in this operator is the same as the free 
parameter defining the family equations. More importantly, it has 
also been shown in these chapters that contributions to the 
anomaly come from two sources: (a) from a jacobian term, a la 
Fujikawa and (b) from terms which can be interpreted as arising 
from the action. This result is arrived at by careful 
manupulations with well-defined regularized quantities in Chapter 
III. (In the absence of regularization, anomalous terms from the 
action would be formally zero, but a properly regularized approach 
shows that these terms contribute, and are important in 
establishing family structure). The case a=l, i.e, the use of 0 
to derive anomaly, leads to results which coincide exactly with 
Fujikawa's derivation of the chiral anomaly: The vector current 
is anomaly free (naturally, since 0 defines a gauge- invariant 
regularization) and the axial-vector current divergence has the 
full anomaly (the usual chiral anomaly) , which comes entirely from 
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the jacobian. The case a=0, amounting to the use of the free 
Dirac operator ^ has anomaly contributions coming entirely from 
the action sources. The jacobian does not contribute anything. 
(In Fujikawa's derivation, use of / was disallowed altogether, 
since as shown earlier, it led to unacceptable results) . 

In chapter II, we have derived these results in the 
context of (QED )2 in the following steps [13]. The fermion fields 
\h and iji are expanded in the basis of eigenfunctions of 0 . W-T 
identities associated with local chiral and vector transformations 
are derived, and these are used to simplify the expressions for 
divergences of vector and axial-vector currents. The anomaly 
terms that result are ill-defined and unregularized. We give a 
prescription for regularizing them in terms of eigenvalues of ^ 

d. 

This leads, then, to the equations of family of anomalies. Other 
attempts to derive the family structure in two dimensions have 
been made [15-17]. In all these works, anomaly is always assumed 
to arise from jacobian factors of some kind (an assumption which, 
as we shall show, is erroneous and not true generally) . We 
compare our derivation with these works, in this chapter. 


In chapter III, we derive the results of chapter II by 
starting out with definitions of regularized axial-vector and 


AM 

vector currents , 

and 

respectively 

[14]. 

We directly 

evaluate lim <3^J 

and lim 

<d^J^ in 

the 

path- integral 


formulation. JT is defined as 


= < * e ® ry»5 e ® (> > . 


is similarly defined. Expansion of tj/ and ^ in the basis 
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of lb is assumed. The whole procedure of anomaly derivation turns 

3i 

out to be well-defined at all steps, in that the regularizing 
factors arise in a natural manner and no ad-hoc regularizations 
have to be introduced by hand at an intermediate stage of 
derivation. The details of calculations are the same as those in 
chapter II. In canonical operator formalism we have definitions 
of regularized currents given by point-splitting techniques. 

[ 6,12]. The definitions of regularized currents that are given 
in this chapter, provide an analogue to these regularized current 
definitions, in the path- integral framework. 


Our 

derivations 

of the 

family of 

anomalies 

in 

2 -dimensions 

are seen to 

have a 

verv natural 

extension 

in 


four-dimensional QED (unlike, say. Refs. 16, 17). We have carried 
out such an extension in chapter IV. [19]. Expressions for family 
of anomalies in 4-dimensions can be found in standard texts [see, 
for example. Ref. 18], though no such derivations had previously 
been done in the path-integral formalism. Talking in the Feynman 
diagrammatic language, family of anomalies can be expressed in 
terms of the three-point function of electrodynamics. 


= d'*X 2 <0|T[J^(x^) J^tXj) jj(0)]|0> e ^ ^ 


ik^.x^ + 1 ^ 2 '^2 


The equations defining the family structure are :- 


= 2«T^^(o) - kP 


^1 3^2 ^1 ^2 ' 


(1.3a) 

{1.3b) 
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where 


. f 4 4 

x^d X 2 e 


ik, .X,+ik .X y. y 

^"<0 1 T [ J* (x^ ) j; (X2 ) (O) (O) ] 


Such a family is a manifestation of the fact that T 

A 

is ambiguous because it has, in one-loop order, a (superficially) 

linearly divergent diagram and as such, shift of the loop momentiam 

(integration variable) is not legitimate [6]. This leads to the 

existence of a free parameter ^ in the definition of T , , which 

HJil/ A 

reflects the arbitrariness in the choice of loop momentum. 
Talking in the language of currents, we derive the following 
analogues of equations (1.3) [19] : 

a‘'w_CA] = isiUlSi + 2iin^ WpCA], (1.4a) 


i^tA(x)] 

y 5A^(y) 


^ ie^(l+/3) 

1671^ 


^unp<r ■ (l-'lb) 


AM AM 

Here W = It < J >. J is as defined in the two 

M-w 


dimensional context, using operator p. 


Wp = lt<<re® r. e® III y . 

M-»« ^ 


It is shown that the parameter /3 appearing in equations 
(1.4) is related to the parameter 'a' in rt through the relation 

cl 

0 = - a^ . (1.5) 

The calculations done in chapter 4 for deriving anomaly 
equations are detailed and laborious. In chapter V of the thesis 
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we give a compact argximent to prove the family structure of 
anomalies in (QED)^ which avoids the necessity of doing detailed 
calculations [20]. The proof is based on an examination of 
(which is as defined above) and its properties. In particular, it 
is shown that family of anomalies of Eqs. (1.4) follows if 
(Wj^ - l) local with /3 being related to the parameter 'a' 

of by 

d. 


/3 


-1 + 


iSTT f (a) 


( 1 . 6 ) 


f(a) is some function satisfying 0 [Its exact 

form is, of course, not determined without explicit calculation of 

chapter IV] . This proof holds, with the appropriate 

modifications, in two dimensions also. Such argximents are of 

great use when we carryout further generalization of our 

derivations of anomalies in QED [22] in chapter VI and also when 

\ / 

we discuss 'covariant' and consistent anomalies in a two 
dimensional non-abelian gauge-theory [23] in chapter VII. 

So far, the derivation of anomalies and their family 
structure made use of the specific operator and specific 

regularizing functions to define the path-integral and regulate 
ill-defined quantities. However, as seen from a general 
view-point, the path-integral can be defined very generally, in 
that, the fermion fields can be expanded in anv bases in general. 
(For example, iji could be expanded in terms of any complete set of 
basis functions which could be taken to be eigenfunctions of a 
general hermitian operator X. iji too could be similarly defined) . 
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Therefore, an important result like derivation of anomalies and 
their family structure should not, in our view, depend crucially 
on specific choices of operators (like for example 0^) to define 
the path-integral. This basic observation has, at the outset, 
motivated the work done in chapter VI where we show that 
derivation of anomalies can in fact be carried out using very 
general definition of the path-integral and associated ill-defined 
quantities. In this chapter, we give a very general formulation 
of anomalies in QED which is based on definition of the 
axial -vector current regularized in a very general manner [22] ; 


= < ^ qi^) f(X) ^ > . 


(1.7) 


The fermion fields \lt and ^ are expanded in bases of 
eigenfunctions of fairly general operators X and Y respectively, 
which could depend on many parameters. f and q are very general 
regularizxng functions. Using this definition of we show 
that the one parameter family of anomalies given by Equations 
(1.4) still holds with 




-1 + 


iSTT^F 


( 1 . 8 ) 


F is some function which depends in particular, on the 
parameters in X and Y. The proof of the family structure is an 
extension of the one given in chapter V for the particular case 
X =Y=0^ /M and f = q = e . This proof holds, provided certain 
assumptions on the form of X, Y, f and q are made and these are 
discussed at length in this chapter. We also show that special 
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AM 

choices of X, Y, f and q in the definition of leads to 

derivation of anomalies which is equivalent to other known 
derivations like those based on Feynman diagrammatic calculations, 
point-splitting calculations, proper time methods, Fujikawa's 
calculations using 0, etc. We therefore see that anomalies can be 
derived in the path-integral formulation with a very wide choice 
of bases to define the path-integral. In the course of evaluating 
anomalies in a rigorous fashion using general bases, we also 
understand that ambiguities in anomaly formulations (which 
manifest as arbitrariness in anomaly expressions) can be fully 
understood as arising from the arbitrariness in defintion of the 
path- integral. In chapters II-V, we have already seen that the 

arbitrariness, given by the presence of the free parameter in 
anomaly expressions, could be seen to arise in path-integral 
framework, from the arbitrariness in the choice of basis to 

define the path-integral. (The parameter 'a' in 0^ provided the 
arbitrariness in choice of operator and basis functions) . In this 
chapter, this understanding of arbitrariness in anomaly 

formulations in path- integral formulation acquires a wide 
perspective, in light of the generalized formulation of anomalies 
based on a full mathematical treatment, presented here. In this 
chapter we have also given a derivation of general, recmlarized 
W-T identity. Using this regularized identity it is generally 
shown that contributions to the anomaly come from both the 
jacobian and action sources in the path-integral. (This was seen 
in earlier chapters in specific examples, where use of operator 0 
was made) . It is shown that contributions to anomaly from action 
sources arise whenever use of bases other than the basis of 
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"Energy Operator" of the theory is made, and the anomaly 
derivation is based upon manipulations with properly regularized 
quantities. Such action contributions are present even when bases 
of gauge covariant operators are used. 


Consistent and covariant anomalies in non-abelian gauge 
theories provide another example of ambiguities in anomaly 
formulations. In these theories one gets either the 'consistent' 
or the 'covariant' anomaly depending on the procedure of 
evaluation [see for example Ref. 21]. The 'consistent' anomaly is 
so named since it satisfies certain consistency conditions, the 
Wess-Zumino consistency conditions [24]. This anomaly appears in 
the covariant divergence of a 'consistent current' which is 
defined by the gauge variation of the vacuum functional. For the 
non-singlet, non-abelian chiral anomaly, the consistency 
conditions restrict the anomaly from having a covariant form. On 
the other hand, anomaly in the gauge current may be obtained via a 
regularization that is gauge covariant. Such an anomaly is called 
the 'covariant' anomaly and the associated current is the 


covariant current. In chapter VII of this thesis, we look at this 
aspect of the chiral anomaly in a two-dimensional non-abelian 
gauge theory with the fermionic action given by S={d^ioji- 
in the path-integral formulation [23]. By making use of a 


parameter dependent hermit ian operator ^ + ia-jt (a is a free 

parameter) , we give definition of a one-parameter family of 


regularized gauge currents and then show that special choices of 


the parameter lead to covariant and consistent currents, whose 
covariant divergences give the covariant and consistent anomalies 
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respectively. This approach of deriving the covariant and 
consistent currents in the path- integral approach is novel, and an 
interesting application of parameter dependent regularizations in 
context of the non-abelian theory. Explicitly, we have done the 
following. We define a family of regularized chiral currents as 

(1.9) 

in a way analogous to the abelian case. In a straightforward 
path-integral prescription, the fields and are expanded in 
chiral bases and respectively, both of which are sets 

of eigenfunctions of . The regularization is provided in terms 
of the eigenvalues of this operator. We show that a = 0 gives a 
consistent current and a = 1 gives the covariant current. We 
further see that contributions to anomaly arise from both the 
jacobian and action sources in the path- integral. In particular, 

it is seen that covariant anomaly comes entirely from regularized 
jacobian sources and consistent anomaly comes entirely from 
regularized action sources. Other attempts to derive consistent 
or covariant anomalies in the context of path-integral framework 
have been made. All these works are based on the identification 
of anomaly with jacobian (an erroneous assumption, generally, as 
we show in the thesis) . All kinds of regularizing operators and 
regularizations of the jacobians are played around with to yield 
either the covariant anomaly (see, for example, Ref. 25) or the 
consistent anomaly (see, for example. Ref. 26). We compare our 
work with these works and show how our approach is more natural 
and straightforward as compared to theirs. Of course, in none of 
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these works, both covariant and consistent anomalies are seen to 
arise so naturally from a single regularized quantity, as in our 
case. By noting that, selecting different values of parameter oc 
in the regularized current of Eg. (1.9), gives us different 
currents whose divergences lead to different anomalies, we again 
correlate the arbitrariness in anomaly formulations in the 
path-integral formulation, with the arbitrariness in the choice of 
basis for defining the path-integral. 

In chapter VIII, in the concluding part of thesis, we 
show that, not just ambiguities in anomalies, but general 
renormalization prescription ambiguities can also be correlated 
with the arbitrariness in the definition of the path- integral 
[27]. Specifically, we discuss the renormalization of bilinear 
composite operators within our path-integral framework at one-loop 
level in the setting of a Yukawa-type theory, and show that all 
ambiguities in their renormalization can be understood as arising 
from the arbitrariness in choice of basis for definition of 
path- integral . 

Parameter dependent operators, used for showing the 
results in this thesis, have been used in other contexts also, 
like, for example, to define the Chiral Schwinger Model (CSM) in a 
consistent fashion [28-31]. 
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CHAPTER - II 

FAMILY OF ANOMALIES IN (QED)2 IN PATH-INTEGRAL FORMULATION 

2.1 INTRODUCTION 

Various aspects of the chiral anomaly have been 
extensively studied in two-dimensional fermionic abelian gauge 
theories [12-17,28-31,32,33]. From the point of view of study of 
anomalies, two dimensional models have been of great pedagogical 
value. Many aspects of the anomaly which are present in realistic 
four-dimensional models, (such as family structure of anomalies in 
QED) are revealed by these simple 2-d theories and these have 
hence served as "testing grounds" for developing many an idea on 
anomaly formulations. 

In theories where fermions are coupled to vector gauge 
fields (massive or massless QED for example) , the existence of the 
chiral anomaly can be traced to the incompatibility of the 
quantization procedure with the simultaneous realization of gauge 
symmetry and chiral symmetry (upto mass terms) , though both 
symmetries hold at the classical level. Quantization introduces 
the need for regularization, and no regularization procedure 
exists which respects both symmetries at the same time. This 
result was established originally in the two-dimensional context 
by K. Johnson [32]. It can be seen by detailed calculations that 
the divergence (log) in one-loop graph contributing to the two 
current correlation function <j 5 ^(x) j*^(y)>, in a dynamically 
non-trivial theory, cannot be regulated so that both the vector 
and axial-vector vertices are conserved. Therefore, the basic 
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thing, really, is not that there is a chiral anomaly alone, but 
that there exists a "family” of chiral and vector anomalies. This 
family structure can, in (QED )2 for example, be given by the pair 
of equations involving the divergences of the vector and 
axial-vector currents [13,14]^ 

= 2im^<^ + |^(l+a)e^^a^A^ (2.1a) 

<S^J^> = a. A (2.1b) 

Here 'a' is a real free parameter which defines the 
family structure and reflects the arbitrariness in the anomalous 
expressions. No value of the parameter exists, such that both 
current divergences are anomaly free. The vector current 
divergence can have non-zero value, a pnlonl. Of course, the 
physical requirement of gauge invariance fixes the value a=l and 
then Eq. (2.1) gives us the familiar chiral anomaly. This family 
of anomalies has been derived in conventional canonical operator 
formalism using parameter dependent definitions of currents, 
regularized by point-splitting techniques [6,12,34]. 

For a long time a direct treatment of anomalies in the 
path- integral formulation had been lacking, though the 
formulation was widely used, especially in quantizing gauge 
theories. This was until Fujikawa derived the various known 
anomalies in the path-integral formalism [11]. The path-integral 
measures in such formulations are not invariant under appropriate 


See also Refs. 12, 15-17, 


for the family in the massless case. 
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field transformations, leading to nontrivial jacobian factors, 
which are the sources of anomalies. 

In general, in these treatments, one expands the fields 

in terms of the eigenfunctions of the Euclidean ''energy-operators*' 

[ 7 ], regularizes the Jacobian in terms of the eigenvalues of them 

and it is this regularization that is responsible for the known 

anomalies. For example, for the case of the chiral anomaly, one 

expands the fermion fields \lt and \ji in terms of the eigenfunctions 

of the hermit ian operator defines D^Di^ as 17 db ff da^ [7]^ 

n n 

obtains the jacobian for the infinitesimal local chiral 

transformations which contains an ill-defined quantity 

Z $^(x)y_$ (x) , and this is regularized in terms of the 
n n o ri 2 2 

eigenvalues of as Z ® ^n^^. When the 

latter is evaluated in the limit M — ^oa, this leads to the standard 
chiral anomaly, and a similar treatment leads to no vector 
anomaly. 

The question was as to how to establish the family 
structure such as given in Eqs. (2.1) in the path-integral frame- 
work. Equivalently, how do we incorporte the arbitrary parameter 
in the Fujikawa approach ? A lot of works have addressed this 
problem [13-17]. The basic difficulty is that in the formalism as 
presented by Fujikawa, it is not possible to understand the 
existence of the vector anomaly at all, since the path- integral 
measure D^Di^ is necessarily invariant under the infinitesimal 
local vector transformation (see Eg. (2.22) below) on ^ and and 
there is no jacobian factor. Further, Fujikawa makes specific use 
of Euclidean "Energy operator" ^ to define the path- integral 
measure and regularization procedure. This choice is crucial to 
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his method, since use of any other operator for example) leads 
to unacceptable results. (see page 5, chapter I) . 

We approached the problem [13,14] by making a basic 
observation. In general, it should be possible to expand ijj in 
terms of any complete set of basis functions 
concreteness, one could choose this to be the set of 
eigenfunctions of any Hermitian operator X and try to derive the 
anomaly. It would be technically difficult to proceed with the 
evaluation of the anomaly unless the operator is a 

"generalization” of the operator ^ used in the plane-wave basis. 

In this work, we use the Hermitian operator = ^+iea/( 
which is a generalization of "a" is a real continuous 

parameter and its range of values over the real line defines a 
class of operators. In particular a=0 gives the free Dirac 
operator $ and a=l gives the gauge covariant 0. The eigenvalues 
of the operator 0 (a * 1) are not gauge- invariant and any 

regularization in terms of these eigenvalues is not going to 
preserve gauge-invariance. Hence, at the outset, one knows that 
the vector current anomaly is not likely to vanish and hence the 
axial-vector current anomaly is not likely to be the same. So, 
one could (at best) expect to obtain a family of vector and 
axial-vector anomalies. We work in the context of two dimensional 
QED. We give a treatment complete in all detail for the 
derivation of the family of vector and chiral anomalies. 

The general viewpoint adopted by Fujikawa [7] is that 
the anomaly comes entirely from the regularized Jacobian, and it 
does so in his regularization. In the Feynman-diagrammatic 
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method, anomaly effectively comes from the action. In general, 
there is no reason why the anomaly could not arise from both 
sources. In fact, we find this in our treatment of the 

regularization using the operator 0^. 

In Sec. (2.2), we define our notations. In Sec. (2.3), 
we derive the W-T identities for local chiral and vector 
transformations. In Sec. (2.4), we evaluate the divergences of 
axial-vector and vector currents, and use the W-T identities to 
simplify them. We find that in addition to the usual Jacobian 
factor, there is an additional term. Both the terms are 
unregularized and ill— defined. We give a prescription for their 
regularization. We note that the additional term arises from the 
action. In sec. (2.5), we evaluate the anomaly and obtain the 
family of anomalies of equations (2.1). In section (2.6) we make 
some concluding remarks on our procedure and results and compare 
our work with other works addressing the same problem, viz.. Refs. 
16,17 and in particular Ref. 15. 

2.2 PRELIMINARY 

We consider the two-dimensional Euclidean Lagrangian for 
a Dirac fermion \li : 

£ = ^ (i - m^) 

where 0 = is a real abelian 

external field. The r-matrices and are antihermitian, 

which makes 0 a hermit ian operator in Euclidean space. The 
metric in Euclidean space is g^^ = (-1, -1); u, v = 1,4. The 
y-matrices satisfy 
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= 9“’' 


+ e 


UV 


5' 


( 2 . 2 ) 


with and = - i. = + i is hermitian and 

2 

satisfies =1. 


We define the path-integral in terms of the basis of the 
complete set of eigenfunctions of a hermitian operator following 
Fujikawa [7]. We shall, however, choose this hermitian operator 
not to be 0 but s ^ + iea^, where a is a real, continuous 
parameter [15,33]. We let 


'fa. fn (=') = ^ fn (><> ' 


■f'' $ - X 0’ , 

^n ^a n ^n ' 


where A. are real. We expand 
n ^ 


= x: a^^ (X) , 

n 


(X) = E (X) b^ , 
n 


and define the measure in the path— integral 

Dtp = n db n da - 
rn n 

The path integral W [A] is 

W[A] = J Di// D^l e^ = J n dbjj^ n da^ e‘ 


■I 


m 


n 


Db Da e , 


with S expressed in terms of and It reads 

n m. 


S = E r b a F , 

p q p q ^pq ' 


?pq ^ ^pq " | ^p ^ 


(2.3) 


(2.4) 


(2.5) 


( 2 . 6 ) 


(2.7) 

( 2 . 8 ) 
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Here neither the action nor the generating functional 
are regularized. Consequently, manipulations done in next section 
with these quantities, like derivation of W-T identities related 
to transformations on the fermion fields, would be formal. The 
W-T identity for the chiral transformations, for example, (see 
equations (2.9) and (2.20) below) involves unregularized terms. 
However, as we shall see later in chapter VI, section (6.5), we 
could derive the W-T identity in a manner where all terms are 
naturally well-defined and regularized, by considering modified 
form of infinitesimal chiral transformations [22]. The same thing 
could be done for the vector case too. In the next section 

however, we shall be content with manipulations at a formal level. 
(Or, we may tentatively assume a finite-mode cut-off 

regularization, such that, for example, the sum in Eq. (2.4) and 
products in (2.6) go from n = 1 to N) . 

In the second part of this work [14] which is described 
in Chapter III, we take up. the question of defining the currents 
themselves in a regularized form along the lines suggested by 
Verstegen [36], and give meaning to the entire procedure at every 
step. 

With these remarks in mind we go ahead to the next 

section. 

2.3 W-T IDENTITIES 

In this section, we shall obtain the W-T identities for 
W[A] of Eq. (2.6) from local chiral and vector transformations. 
These W-T identities will, of course, involve a Jacobian. Also 
terms will arise from the change in the action, but as seen in 
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section (2.4), these terms will not coincide with a term of the 
kind J d^x a(x) (where is the corresponding current), 
contrary to what may be expected. This is explained in a greater 
detail in section (2.4). 


A. Chiral transformations 


We make infinitesimal local transformations; 


\l)' = (l+ia(x)r5)^/' 2 E ' 


^ (l+ia(x)r5) = ' 

n 


These lead to transformations on a and b as 

n n 


(2.9) 


a' = a+ rc a, 
n n ^ nm m ' 

m 




b + F b C 
n m mn ' 

m 


( 2 . 10 ) 


with 


= I [i“(x)r5l ^„(x) . 


( 2 . 11 ) 


Now consider 


W[A] = J Db Da e 


SCa,b] 


( 2 . 12 ) 


and make the change of variables of Eg. (2.10) in W[A] to obtain 


W[A] = J(a) J Db'Da' 


(2.13) 


where 


Db Da = J(a) Db' Da', 


(2.14) 


and 


S'[a',b'] = S[a, b] 


S[a',b'] + AS[a',b'] . 


(2.15) 
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One then has 


W(A1 - J Db' Da' ^ 

= J Db Da ^ ■^<“>. 


S[a,b] + AS [a,b] + In J(o£) 


(2.16) 


A comparison of Eqs (2.12) and (2.16) gives the W-T identity 


Db Da [AS [a,b] + In J(a)] = 0. 


(2.17) 


A straightforward calculation shows that, to first order in a, 


AS [a,b] = 


” p q n ^ ' 


(2.18) 


In J (a) = 




(2.19) 


and, thus, Eq (2.18) leads to the W-T identity 


<EIEba (C 6 +c €)-2EC> 
p q n P q ^ pn ‘^nq nq ^pn^ nn^ 


where 


W[A] J 


Db Da e 0 . 


( 2 . 20 ) 


( 2 . 21 ) 


B. Vector Transformations 


A similar procedure applied to the vector transformations. 


iji' = (1+ i/3(x)) ilj, 


Iji' = ^ (1 - i/3(x)). 


( 2 . 22 ) 


leads to the W-T identity 


^ p^^n ^pn^^ 


(2.23) 
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where " J ^ 


Using the expressions for ? from Eg. (2.8) the W-T identities of 

Xr'd. 

Eqs. (2.20) and (2.23) can be further simplified to 


< E E bp Cpg [(iX^ - m^) + (iXp - m^)] 


p q 


- e(l-a) E E E bp [Cp„ 


p q n 


- 2 E c„„> = 0, 

n 


(2.24) 


and 


<l\ "q ‘^Pq ^^"q-""p> 


-e(l-a) I b„ a„ [d„„ f <pl fL <t>d^x - { <f>l ^ d d^x]> = 0. 

pqn P q ^ P*' J ^ ^q nq J ^p ^ ^n J' 


(2.25) 


2.4 DIVERGENCES OF CURRENTS 


In this section we shall obtain expressions for the 
divergences of the vector and axial-vector currents < > and 
< a^ >, and simplify using the W-T identities obtained in 


1.3) . 

We 

define 

II 


rj , 

II 


Xp H , 


and obtain expressions 


for a^ jJ and a^ 


(2.26) 


A straightforward 


calculation shows that 
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f d^x a(x) a" J^(x) - 2im^ J d^x a(x) J 
- “ *9 “9 ”0)^9 ' 


and 

J d^x P(X) a“ j’ = S Z bp (iXp- Ug) dpg. ( 2 . 28 ) 

P ^ 

Using the W-T identities of Eqs. (2.24) and (2.25) we obtain 
J d^x a(x) < (X) - 2im^ ^ > 

= e(l-a)< r E E Bpa^[Cp„ d=x + J#;?! ^„d=x] > 

P ^ ^ 

+ 2 I , (2.29) 

n 

and 

Jd^x 8 (X) <a>'jp (x)> = -e(l-a) < E bpa^Cdpp f d^x 

- “nq K >• 


To evaluate the right-hand sides of Eqs (2.29) and (2.30), we 
consider 


JdE Da{ E E Bpa^Zpg } 


S^[a,b]+ AS'[a,b] 


<r r b a z > = 
p q pq^ 


p q 


Job Da + AS' [a,b] 


(2.31) 


Where S [a,b] = Z (ix -m )b a , and AS'(a,b] = -e(l-a)j;(^) b a , 

pqFHPH 

with (K) = fd^x (p . We look upon as the free action, 

pq J P q *^0 
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AS' as the interaction term and E E ^cf ^no operator 

p q P H Ph 

whose connected Green's functions are evaluated in Eq. (2.31). The 
right-hand side of Eq. (2.31) will then be given by all the 
connected "diagrams" with one insertion of E E Z with 

"propagators" and "vertices" provided by AS' . The 

^''■p” (0 

result is 


p q p p o pn p o' ' no' 


pn ^ np 


+ , (2.32) 

where the ellipsis stand for terms containing more than 
one factor of (■^)j^p* It will turn out that only the first term on 
the right-hand side of Eq. (2.32) contributes, and we wish to 
first concentrate on it and simplify it to a form where it can be 
easily evaluated and also compared with the results of Alfaro, 
Urrutia, and Vergara [15] (See also Appendix C) . 


In Eq. (2.29) , 

"pq = I [=pn J^n ^ =nq K ? ' 


At this stage, we shall introduce an adhac regulator for each of 
the summations in the first term on the right-hand side of (2.32) 
so that both the summations are separately well-defined. We 

lyiT 

replace , where 

pq pq ' 


pq 


= E 

n 


[Sn ^ 


d^x 


+ c 


nq 




d^x]e 




-X^,„2 
» n/M 


(2.33) 
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Then the first term on the right-hand side of Eg. (2.32) becomes 
£ E ^ ix ^p(y) i“(y)y5 ^(x)^p(x)d^x 

+ Jd^y ‘^p(y) f(y) ^n^^^ ia(x)y 5 ^p(J^)] • (2.34) 

As all the siimmations and integrations are convergent, one can use 
the following identity in the first term: 

2 

fd^x Z 4>l. (X) e ^(x) (X) 

^ n ^ 

2 

= Jd^x e I ^^(y) ^^(x) ^(x) ^p(x) 

= Jd^x 5^(y-x) f(x) (^p(x) 

2 

= e Jd^x 5^(y-x) ^(y) «^p(x). (2.35) 


Using Eg. (2.35) and a similar identity and then using the cyclic 
property of the trace, express (2.34) as 



Here 
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Gjj (x,y) 


2 

. / , .t, , P/M 

^n(x) ^ (y) e 
= y _ii — , £ 

P P o 


is the regularized fermion Green's function. 


(2.37) 


-X^/jj2 

In a similar manner, we replace T C by E G e ' , and 

n n 

thus obtain 


I 


d^'x a(x) < - 


2im^ ilf 7^ ^ > 


= lim 2 J: C 


M-^ 


n 


nn 


e(l-a) lim J E 

M->oo n p p c 






np 


^np p J 


(2.38) 


= lim 2 X; C e 
-- nn 

M>>oo n 


-^n/M^ 


.2 


+ie(l-a) lim Tr-ffd^xd^yrG (x,y)a(y)y e 5‘(x-y)^(y) 

M-^oo KJ ^ 

_^2 j 2 

+ y 5 Gjj(x,y) ^(y) e 5^(x-y) a(y)]J- . 


(2.39) 


An identical procedure followed for the vector current 


leads to 




fd^x a(x)0^ jV -e(l-a) lim E E i. 

J ^ M-kx. n p ^'^p ™o 




(2.40) 
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2.5. EVALUATION OF ANOMALIES 

In this section, we shall evauluate completely the 
expressions for the vector and the axial-vector anomalies and 
obtain the family of anomalies of Eq. (2.1) 

A. Axial-Vector Anomaly 

■^n/M^ ; 

First, we shall deal with the term 2 J e in Eq. 

n 

(2.39). This term is, following the standard procedure 

[7], 2ra(x) A(x) d^x, where A(x) = lim trCy^ ®xp(0^/M^) 5^(x-y)]. 

J y-^x 

The answer for A(x) is the same as in the case of the 
usual choice a = 1 except that A is replaced everywhere by aA. 
Hence one obtains 

2 

2 E C e = af d^x a(x) (e/7r) a A^. (2.41) 

n 

Next, we proceed to the evaluation of the second term on 
the right-hand side of Eq. (2.39). 


To evaluate this 


we substitute the momentum 


representation for 5'^(x-y), viz 
5^(x-y) = J 


d^k 


ik. (x-y) 

^ / 


(2.42) 


(27r)‘ 

and thus obtain, as an operator 




We 


(271) 


express Gjj(x,y) of Eq. (2.37) as 


(2.43) 


Gj^(x,y) = e 


L “71 


^ iX„ - m^ 
p p o 


-P. 


3 e 


ax/M 


G(x,y) , 


(2.44) 
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and G(X/y) has the expansion in terms of the free Green's function 

G(x,y) = G^(x,y) + ea J'G^(x,z) f(z) G^(z,y) d^z + 

= G^(x,y) + G^(x,y) + (2.45) 

where G^CX/y), the free Green's function, is 


GQ(x,y) 


,2, ik. (x-y) 

I ® 

J (271)^ 



(2.46) 


Then 



(2.47) 

We deal with the contributions to the large parenthesis in Eq. 
(2.39) from successive terms in Eq. (2.45). 


B. Contribution from free Green's function 


ax/M‘ 


-K 2 


We substitute in the large parentheses of Eq. (2.39), 
G (x,y) of Eq. (2.47) in place of G.. (x,y) . We also use 


o'--'-*' -- ' ' — -- M 

Eq. (2.43) and thus obtain the expression 


led-ajfd^x d^y Cleric' )• (x-y) ^k'W 

•’ (2n)‘‘ 










M" 


f(y) 




ax 


2ik.D. 


ax. 




^5 e “ 


M' 




M‘ 


M‘ 


a(y) I 

(2.48) 
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The terms in (2.48) are dealt with in detail in the 
Appendix A and it is shown that in the limit M — ^ oo, the 
contribution comes only from those terms in which 

exp -I — ^ “ (— l)k.D }• is replaced by 1 and the only term in 

y vr vr 


i - ( )k' ♦ 1 that contributes is . 

I J 


exp 


Carrying out the x-integration, this contribution becomes 

2 


-2 e(l-a) lim 
M-+00 


1 /r,2 d^k 

^ if" ^ - 


2k 

2 


. “ r - 2^ - 2" 

(2tt)‘ L k -m^ ^ 


+ ^5 j^^2 ^-^y ' 


(2.49) 


We rescale k— > Mk. Then both terms contribute equally and yield 
for (2.48), 


(1-a) J d^y a(y) A^ . 


(2.50) 


C. Contributions From etc. 

These are dealt with in detail in the appendix B and it 
is shown that these terms are regularized properly and do not 
contribute as M— > «. 

One, thus, has from Eqs. (2.39), (2.41) and (2.50) the 

expression for the anomaly 

” 2^®o ^5 Vi' * 
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D. Vector Anomaly 

An identical treatment can be given for the vector 
anomaly. There is no anologue of Eq. (2.41). Hence the entire 
contribution is proportional to (1-a) . The result is 


<3 




V 


e(l-a) 

2n 



(2.52) 


In Eqs. (2.51) and (2.52), 
anomalies of Eq. (2.1). 


we obtain the family of 


2.6. CONCLUSIONS AND COMMENTS 

In this section we make a few comments on our results 
and compare our work with some other works addressing the same 
problem. 

In this chapter we have studied the regularization of 
the path-integral for a two dimensional fermionic system in terms 
of the eigenfunctions and eigenvalues of the operator 0^ = j<+ieaj(, 
'a' being a real, continuous parameter. We derived the W-T 
identities for local chiral and vector transformations and 
obtained expressions for and <a*^j^>. We proposed a 
straightforward regularization that ultimately lead to the family 
of anomalies in which the parameter appearing in the family is 
related to 'a' of 0 . 

cl 

From equations (2.51) and (2.52) we make some 
interesting observations. (1) contribution to vector anomaly in 
Eq. (2.52) arises entirely from the action. There is no Jacobian 
contribution, since the fermionic measure Dil/Dtji is invariant under 
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the transformations (2.22). One may recall that there was no way 
at all to derive the vector anomaly in the formalism as shown by 
Fujikawa [7]. (2) The case a = 0 coincides with the use of the 

free Dirac operator ^ for defining the path-integral and its use 
is perfectly consistent in our method. The chiral jacobian (see 
Eg. (2.41)) contributing to is of course zero (g e n' 

in this case is a gauge field independent quantity ) , and the 
entire contribution comes from action sources. The use of this 
operator was disallowed altogether in Fujikawa's method since it 
led to null results both for the chiral as well as vector anomaly. 
Our derivation shows, in fact, that identification of anomalies a 
pnloni as jacobian factors is suspect. (Since this identification 
is made by formal derivations using unregularized quantities) . 
Anomalies can generally have contributions other than jacobians if 
we deal with well defined regularized quantities. (Note that 
"action" terms such as first two terms on the right-hand side of 
Eg. (2.29) would be formally zero without regularization but they do 
not vanish even with a finite-mode cut-off) . In chapter VI, 
section (6.5) we give examples which show in an obvious way, how, 
dealing with well-defined quantities leads to anomaly having 
contributions other than jacobians. This is true even when the 
regularization procedure is a gauge invariant one, when use of 
gauge covariant operators other than p) is made. (For further 
elaboration, see sec. (6.5) of chapter VI where we expand on these 
statements in detail in the light of our very general formulation 
for anomalies presented there) . 

References 16 and 17 identify the anomaly, a pnianl , 
with jacobian factors (an erroneous assumption, as stated above) 
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which forces them to use non-hermitian operators to derive their 
results. The construction of such operators is done by exploiting 
the 2-d y-matrix structure, making the formalism particular to 

•I* 

2 -dimensions. Hermitian combinations ^ ^ are constructed 

from the basic parameter dependent operator for regularization. 
In Ref. 17 for example, ift and \ji are expanded in terms of two 
different bases belonging to ^ ^ and respectively = 

ij+<x^+^r . (This is done to allow for a non-zero value for 
jacobian for vector anomaly) . Our work however, uses a single 
Hermitian operator whose basis is used to expand both \Jj and ^ and 
whose eigenvalues are used for regularization. Moreover, our 
formalism has a very natural extension in 4-dimensional QED as 
will be shown later in the thesis. This is unlike in Ref. 16 and 
17 where it is not clear how the method can find a straightforward 
extension in four-dimensions. 

We now compare our work with that of Ref. 15. Ref. 15 
also uses the operator 0^=^+iea^ for regularization in the context 
of massless (QED) 2 f but in a way quite different in principle, and 
in detail from our work. In this work, the anomaly is associated 
with the jacobian J(a(x)) defined as 

■ det %\%K T - m ° ^ ^ 

which is unregularized off hand. 

K and L are operators depending on the local parameter a(x) and 
define the symmetry transformation on and : 


r = 


= 


(1 + K(a)) \l>, 
^(1 + L(a)) . 


(2.54) 
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The jacobian in Eq. (2.53) is related to the divergence of the 
current (defined by the change in action for the transformation 
(2.54)), through 


O 


< J^(x) > + 


3 In J(a) 
5a(x) 



(2.55) 


j(a) of Eq. (2.53) which is ill-defined, is regularized (in an 
artificial manner) as 

Jj^(a) = 1 - Tr(0"^(0K + L0)R) s i-t, (2.56) 

2 . 2 . 

where R = f(-S/M ) and limit M — * « is taken at the end of the 
calculation. S is an arbitrary hermitian, positive definite 
operator, and the regularizing function f satisfies the usual 
Fujikawa conditions [7]. 5 = 0 is used to derive the family of 

anomalies. 

For the vector and axial-vector transformations in 
particular, the jacobian factors are (see Eq. (2.56)) 

= -i Tr (0‘^/3 [ 0 , R]), [K = -L = i5 (x) ] (2.57a) 

= i Tr [2a(x)r5R + 0“^a(x)y5[0,R]) , [K = L = ir 5 a(x)] (2.57b) 
(R = exp [- ^^/M^]) . 

We shall compare our expressions for the vector and 
axial-vector anomalies with the ones given above in the work of 
Ref. 15. 


In Sec. (2.4) we found that 
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J d^x a(x) <a^ 

= ie(l-a)tr[Jd^x d^y Gj^(x,y) a{Y)if^ e 5^(x-y) ^(y) 

w 2 2 

+ Jd^x d^y Tg Gjj(x,y) ^(y) e 5^(x-y) a(y)] 

-X^ 2 

+ 2 1 e + (2.58) 

n 

where the ellipsis denote the terms which do not contribute. The 

second temn on the right-hand side is the usual jacobian term and 

coincides with the term Tr [2aygR] of Eq. (2.57b) of Ref. 15. We 

2 2 

introduce the notation a(y)yg 5 (y-* 2 ) = ^(y) ^ (Y'Z) 

= (f ) j in an obvious manner, and we write ~ Gjj(y,z), 

e 5^(y-z) = Rj^j* [Here i and j refer to y and z] . Then we 

replace integrations by summations and thus rewrite the first two 
terms on the right-hand side of Eq. (2.58) as (with m^ = 0) 

+ e(l-a) Tr [ (ay 5 )R ^ ^ ^ ^“^5^^ 

= e(l-a) Tr (ay^) R ^ + (ay^) ^ r] , (2.59) 

where we have made use of the cyclic property of the trace in the 
second term in the square brackets (a valid operation since the 
expressions are regularized). The expression of Eq.(2.59) is to 
be compared with the expression of Eq. (2.57b) of Ref. 15, obtained 
after using the identity [^, R] = ie(l-a) [^, R] of Ref. 15, viz., 

e(l-a) Tr| 0 "^(ay 5 ) [R,f]J- = e(l-a) Tr|^"^ (ayg)!^^ - Ji"^(ay 5 )^j. 

(2.60) 

We note two things, (i) The first term in Eq. (2.59) is 
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almost identical with the first term in (2.60) except that 0^^ — > 
0“^. This has two consequences. This term gives half the 
contribution as the first term in Eq. (2.60) as a result of this 
regularization. Secondly, and more importantly, the first term in 

(2.59) is completely regularized unlike the first term in Eq. 

(2.60) because (2.60) contains G(x,y) which is unregularized as x 
_jy while Gjj(x,y) is well-defined as x — ». y. (ii) The second term 
in Eg. (2.59) is however different from that of Eq. (2.60) and 
cannot be cast in its form. In fact, the former contributes equal 
to the first term in Eq. (2.59) while the latter contributes 
nothing to the anomaly. 

Finally, we note that the expression in Eq. (2.59) has 
arisen from the change in the action and not from the Jacobian, 
while in Ref. 15, expression (2.60) has arisen from their 
regularization of the Jacobian. 

An analogous discussion applies to the vector case. 

We conclude this chapter by a remark. Parameter 
dependent regulators used in QED for derivation of family 
structure, have been used to define an anomalous gauge theory like 
Chiral Schwinger Model as a consistent theory [28-31] . The free 
parameter acquires a physical significance in this case. (See 
Ref. 31, for example, for the path-integral treatment of CSM.) 
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CHAPTER - in 

FAMILY OF ANOMALIES IN (QED)^ IN PATH-INTEGRAL FORMULATION 
II. DEFINITION OF REGULARIZED CURRENTS. 


3.1 INTRODUCTION 

In the previous chapter, the family of anomalies in 
(QED ) 2 was derived in the path-integral formulation by making use 
of the gauge-variant operator ^ [13], which was a straightforward 
generalization of the covariant operator 0 of the theory. As was 
pointed out in that chapter itself, the process followed there is 
formal upto a stage, in that one proceeds with unregularized 
quantities upto that stage, obtains an unregularized expression 
for anomalies and then introduces an ad-hoc (but natural) 
regularization. [This, of course, is the level of rigor on most 
derivations following Fujikawa's approach]. The purpose of the 
work in this chapter [14], in part, is to rectify this and have a 
procedure that is entirely rigorous from the beginning. To this 
end we adopt an approach somewhat akin to that used by Verstegen 
[36]. 


The second motivation for the work in this chapter is 
the following. In 2-dimensional QED, in the operator formalism, 
one has the regularized definitions of currents available by 
point-splitting method [34]. They are 


(x,e) = ^(x + c/2 ) exp j^- iaej A^^dy^^ ] 

.x+e/2 


(3.1) 


[- iaej A*' dy ]iU(x-c/2). 

L ''x-e/2 -> 


(x,e) = ^ (X + e/2) y^ exp 
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This definition, together with the canonical operator 
formalism, uniquely defines, in a well-defined manner, the Green's 
functions of J^and , and as e — 0, they lead to the family of 
anomalies. These definitions naturally contain a free parameter 
'a', which defines the family. The following question arises: 
What is the analogous definition of regularized currents in the 
path-integral formulation and the quantization procedure enabling 
one to evaluate their Green's functions in a well-defined manner ? 
The second purpose of the work in this chapter is to answer this 
question. The definitions of the regularized currents are 



(3.2) 


Both currents as in Eq. (3.1) are essentially non-local. 

The quantization procedure is the one formulated in chapter II, 

viz., you expand and iji in eigenfunctions of and define Difi 

= rr da^ tt db^ in terms of the coefficients of expansion a and b . 
^ n " n n n 

The regularizations needed are implicit in Eq. (3.2). 

In Sec. (3.2), we give the definitions of the 
regularized currents. In Sec. (3.3) we find expressions for their 
expectation values. In sec. (3.4) we evaluate and simplify the 
expressions for <3^J^ and <a^J^>. We find these expressions, not 
surprisingly, already dealt with thoroughly in Chapter II. We 
rely on the algebra done in Chapter II and deduce the family of 
anomalies for currents of Eq.(3.2). The entire procedure is a 
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regularized, one aJb initio. In section (3.5) we give the 
conclusions. Though most of the expressions, as far as the 
algebra involved is concerned, have been dealt with in chapter II, 
we write this chapter to highlight the definitions of regularized 
currents given by Eg. (3.2) and to stress the fact that we have a 
procedure well defined and regularized at all steps. Also, these 
definitions are the starting point for our subsequent work in the 
four-dimensional case [19,20,22]. A similar regularization will be 
used for chiral current in the 2-dimensional non-abelian case, in 
chapter VII [23]. 


3 . 2 PRELIMINARY 

In this section we shall establish our notations and 
give definition of the regularized currents. 

A. Notation 

We work in two-dimensional QED in Euclidean space. Our 
notation is the same as in chapter II. 

£ = ^(i0-m^)lA . (3.3) 

In particular, for reference, we note that equations (2.2) - (2.8) 
hold. 


B. Definitions of regularized currents 

We, now, give the definitions of the regularized 


currents : 


J^(x) H ^(x) 
J^(x) 3 ^(x) 







-0^ /M^ 


(3.4) 


e 


0(X) . 


(3.5) 
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We observe a number of things, (i) and both depend on a 


continuous parameter a, introduced solely through the regularizing 
factors exp }. (ii) Both expressions contain derivatives 
of ijj of an arbitrarily high order and consequently are nonlocal 


objects, 


But this is also the case with the point-split 


regularizations of the vector and axial-vector currents, (iii) 
These expressions are "regularized” in the sense that < > ^^d 
<j^ > are well-defined, as seen below. 

Similar definitions (with a=l) have been utilized by 
Verstegen [36] in the four-dimensional context. 


3.3 EXPRESSIONS FOR EXPECTATION VALUES OF REGULARIZED CURRENTS 


We define the expectation values of currents as 


< C > ■ wTaT I 


VM 

< J > 


• w-TaT J W 0 ^ 


VM 

■f ® f 


(3.6) 


and evaluate them below. First, let us evaluate . 

We substitute the expansions of Eq. (2.4) in the 
expression for and use Eq. (2.3) and obtain 


with 


C O'* 


^qM O'* 


I I S "q C O'* ' 


-x2/m2 

^p ^q ® ® ^ 


(3.7) 


(3.8) 
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To 

chapter II. 


evaluate < > completely, we shall proceed as in 

As explained there [ See Eq. (2.32)], 


< E E bp Zp, > = I . e(l-a,5 I 




p q 


+ [e(l-a) rill 


p q p O' ' q o' 
^PC (f)qm (f>a,p 


p q m p o q o iti o 


(3.9) 


We let Z_ 


pq 


^qM to obtain 


< J^> 
M 


r + e(l-a) T I 

p "V ”o p q <^^p- ”o> (^^q- ”o> 


+ (3.10) 

Eq. (3.10) gives a completely regularized expression for the 
axial-vector current, <J^^. (That this expression is regularized 
can be seen in the same manner as the terms coming from higher 
order Green's functions in chapter II were shown to be 
regularized) . 

In a similar manner, one obtains regularized expression 

TTM’ 

for the vector current, < >> which is identical with the right 

hand side of (3.10) except that 


— > 

pqh 


X = (p 7 (p & ^ 

pq/x ^p V ^q 



45 


3.4 DIVERGENCES OF REGULARIZED CURRENTS 

We obtain the expression for the divergence of by 


using 


^qn = ■ ^p ^p ^5^ql 




(3.11) 


•I* *!• 

= i[(iX -m )<p + (ix -m )(b 7^<t> 1 


^ -x^ Li -x^ Li 

+ ^ A 1 ^ p/M « q/M 


q o'^p 5’^q-' 


+ 2im d> 7 rr<t> e 
o p 5 q 


2 

'py 


-Xr/,2 -X /C2 
/M ^ q/M 


(3.12) 


The second term on the right-hand side of Eq. (3.12) when 
substituted in the successive terms of the right-hand side of Eq. 
(3.10) gives rise to the series 




2im I E - P .f P — 
o| " iX - m^ 
p p o 




p q 


]' 


q 

(3.13) 


which is seen with the help of Eq. (3.9) to be identical with 
2 - 0 ^ 2 

< 2im^ 0 e e ip >, and we define this to be 2im^ 


The first term on the right-hand side of Eq. (3.12), when 
substituted in Eq. (3.10) yields 

2 


♦ -2^™ 

2i y <p 7^<t> e 
“ ^m '5^m 

HI 


/«' ^ ie(l-a) \l E 

Lp n p 


^ ^p (^)np 

^ ^ iX_ - m_ 


m 


m 


HE. 


P n 


n 


(3.14) 
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. t , 

21 1 r^<P^ e 


m 


+ ie(l-a) E Z (U ^ m ) (^^5»nt») 

T-i ' rfc o' V ^ 


P n 


+ (*’*’ (A) \ 


np 


(3.15) 




Thus one has, from Eqs. (3.12) and (3.15), 

< 3“ - 2im^ > = 2i E < Tj e ■■■”' 

m 

"■ I n »o> i <?> pn} 


(3.16) 


To compare this result with the corresponding result in chapter 
II, we multiply Eq. (3.16) by a(x) and integrate over x and thus 
obtain. 


I 


d^x a(x) < - 2im^ > 




-"p/m= -"n/M= 


= = pnn * 

n p n p o 


X [ J ^^(X)r 5 ia(x) ^^(x) d^x 


+ I <^n(x) ia(x)y5 0p(x) (^)pj^ d^x] + 


(3.17) 


We compare Eq. (3.17) with Eq. (2.38) of chapter II and 

-X^/ 2 

note that apart from the ad-hoc regulator e n/M ' in the first 
term on the right-hand side of Eq. (2.38) being replaced by 
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— 2A. / 2 

e , the two expressions are identical. The change in the 

regulator for the jacobian term leads to no difference as M — > «. 

In an identical manner, we find the identity for the 
vector current, and it is verified to be the same as Eq. (2.40) of 
chapter II. The rest of the details of the calculation are as in 
chapter II and lead to the result 


lim 

M-»«o 


. „ T AM _ . T Mv _ 
< 5 - 2imQ ^5 > 




(3.18a) 


and 


lim 

M-KX) 


<a‘' 


e(l-a) 

271 



(3.18b) 


the familiar system of anomalies. 


3.5 CONCLUSION 

In this chapter, we gave definitions of regularized 
currents which could be taken in the path- integral formulation, as 
analogues of currents regularized by point-splitting techniques, 
in the canonical operator formalism. The definition of these 
regularized currents involved expansion of the fermion fields in 
terms of basis of the eigenfunctions of the herrmitian operator 0^ 
and defining the regularization in terms of eigenvalues of it. 
With this recipe for defining the currents and the quantization 
procedure, Eqs. (3.18) were derived in a sequence which was well 
defined at each step . The anomaly terms were obtained in a 
regularized form, and no adhoc regularization was given at an 
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intermediate stage to define these quantities. The algebra 
involved in evaluation of <a*^J ^ and <a^J ^ was however, 
effectively the same as that given in chapter II. The procedure 
presented here gives a rigorous justification of the formal 
procedure followed in chapter II. 
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CHAPTER - IV 


FAMILY OF ANOMALIES IN FOXJR DIMENSIONS IN 
PATH- INTEGRAL FORMULATION 


4.1 INTRODUCTION 

The existence of a family of anomalies in (QED)^ has 
been known for a long time [ 2 , 6 ], such a family being the essence 
of the ABJ triangle anomaly [3]. It is well known that this 
chiral anomaly owes its existence to the fact that gauge 
invariance and chiral symmetry (upto mass terms ) , both 
characterizing the classical action, do not hold simultaneously 
when the system is quantized. What happens, can be seen in the 
following way. 

Consider the three-point function of electrodynamics, 

ik- . X. + ik., . X 

X e ^ . (4.1) 


In the usual Feynman diagrammatic treatment of 
perturbation theory, is ambiguous because it has, in one loop 
order, a (superficially) linearly divergent diagram. In the usual 
perturbation theory this ambiguity arises as a result of the 
possibility of choosing the loop momentum differently. This 
arbitrariness leads to a free parameter /3[18] on which the 
definition of depends. In terms of this one can 
express the family of anomalies as [18] 
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and 


T . (0) = 2m T (0) - - e ^ 

^ fiu'‘ • ^^2 [ivcrp 1 2 


>=1“ Vx(^) = ^ Sx^p '^1°' ^2 ■ 


(4.2a) 


(4.2b) 


where 


"^ULU ^^1,^2,^' ^) = i J (x^) jJJ(X2)^(0)r5</>(0) ] |0> 

(4.3) 


X e 


i^l-^l + ^^2 ’^2 


Imposing gauge invariance by fixing 0 = -1 gives in Eq. 
(4.2a), the familiar chiral anomaly. Parameter dependent point- 
splitting regularizations for the axial-vector current [34] were 
also used to show this conflict between gauge invariance and 
chiral symmetry, in the canonical operator formalism. 

Though the chiral anomaly was derived in the path- 
integral formalism by Fujikawa [7] the underlying family structure 
was not established. As already explained in the two-dimensional 
context, in the formalism as presented by him it was not possible 
to establish this. The basic question is, what is the analogue in 
the path- integral formulation, of the momentum routing ambiguity 
in the usual Feynman diagrammatic treatment of anomalies, and how 
this ambiguity is to be mathematically formulated so as to make 
explicit the family structure of Eqns. (4.2) ? Questions related 
to the derivation of the family structure using parameter 
dependent regularizations in path-integral formulation in 
four-dimensions were raised [37], but no explicit relations were 


derived . 
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In this chapter we derive family of anomalies in 
four-dimensions the path- integral framework. This is done by 
using a basis consisting of the eigenfunctions of operator 
^ = ^ + iea^ to define the path integral, and its eigenvalues to 
define the regularization, in a way analogous to the 
two-dimensional case [19]. In chapter III we had used definition 
of regularized currents to derive family of anomalies, and this 
treatment was rigorous and well-defined ab-initio . In view of 
this, our treatment here follows the treatment of chapter III, in 
that, we begin with definition of regularized currents to derive 
the family. 


The family equations that we establish are in terms 
of a regularized axial-vector current defined as 


-t 


= ^(x) exp [ ‘'^3 ] Tj exp [— 


(This expression is "regularized” in the sense that [A] given 
below by Eq. (4.5) is well defined). 

We further define: 

r Di/f J^(x) e^ 

W [A] = lim i— g (4.5) 

M-^ I Dtp D\li e 

= lim < (X) > . 

M->CX) 

In terms of this W^[A], we establish analogues of Eqs- (1.2); viz., 

2 

[A] = F + 2im W [A] (4.6a) 

Ct'" 

i i r <Ar‘'''‘ya 


and 
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where 




W-,[A] = lim <i/> e 

^ M-^ 


^ /M^ -^l /M^ 

3. * cl 

yg e ^ 


(4.6b) 


(4.6c) 


(We shall find that ^ is related to the parameter 'a' by 


|3 = - a") . 


(4.7) 


The family equations given by Eqs. (4.6a) and (4.6b) deserve an 
explanation. In the usual Feynman diagrammatic perturbative 
treatment of anomalies, the family of anomalies of Eqs. (4.2), 
refers to a single Green's function, • The analogue of 

equations describing family of anomalies in the path-integral 
formulation must also be expressed in terms of a single 
regularized quantity. The chiral anomaly equation is expressed in 
terms of <J^[A]> = W^ whose second order derivative with respect 
to A gives the two point function of the axial-vector current . 
This Green's function is related to T^^^ of perturbation theory. 
The vector part of the family of anomaly equations, viz. the 
analogue of Eq. (4.2b) must be expressed in terms of this same 


quantity. 


S^wJJcA] 


-> T 


Thus, in the path-integral formulation, the left-hand 

side of the analogue of Eq. (4.2b) must be expressed in terms of 

u ^ w” [A] ... 

- T— , whose first-order derivative with respect to A- is 

y ^^4<y) ^ 

related to the k, ^ T..«.. 


of Eq. (4.2b) . 
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5 [A] 

The quantity J- - appears naturally in the change in the 

gauge transformation of [A] . Of course, our regularization of 
is not gauge-invariant and hence 3^ ^ ^ need not vanish and 


4 


4 


indeed will provide the nonvanishing vector anomaly. 


We could also think of giving a family structure using 
regularized definitions of both vector and axial-vector currents 
in a symmetric fashion. This is done in appendix G. Ref. 33 have 
also derived the family structure in four dimensions using the 
operator . However, the family structure they look for is 
quite different from ours and is derived by a method which differs 
conceptually and otherwise from our treatment. 


In section (4.2) we define the notations. In section 
(4.3) we give the derivation of the chiral anomaly equation 
(4.6a) involving the divergence of the axial-vector current. We 
indicate only the main steps since this derivation is very similar 
to that already given in chapter III for the two-dimensional case. 
Section (4.4) is devoted to the evaluation of the anomaly terms in 
the chiral anomaly equation. In section (4.5) the vector anomaly 
equation (4.6b) is derived. It is hence shown that the parameter 

/3 in eqns. (4.6) is related to the parameter 'a' appearing in 

2 . . . . 
by /3 = -a . Thus arbitrariness appearing in the family equations, 

is seen in the path-integral framework, to be related to the 

arbitrariness in the choice of basis functions in which to expand 

the fermion fields and define the path- integral. The 

contribution to anomaly comes from both the measure (jacobian) and 

the action. We also make a few comments on our results, in this 
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section. Mathematical details of calculations are given in 
appendices D, E and F. 


4.2 PRELIMINARY 

We consider the Euclidean Lagrangian for four 
dimensional QED 


H ^ (i 0 - m^) (/y , (4.8) 

where 0 = ^ real abelian 

external field. We shall mainly use notations of Ref. 7. The 

. k 4 

y-matrices are those of B^orken and Drell [38]: y (k=l,2,3) and y 

= iy° are all anti-hermitian. y^ defined by y^ = iy°y\^y^ = 

1234. . . . 1234 

-y y y y is hermit lan. We define ^^ 234 “^ ~ metric 

in Euclidean space is g^^ = diag . 

As in chapter II [13], we shall define the path— integral 
measure by first expanding 0 and 0 in terms of the eigenfunctions 
of a hermit ian operator 0 ^ = ^ + iea^, where a is a real 
continuous parameter. We let 

h (>=) “ I’n <='> ' 

(4.9) 

where are the real eigenvalues. We expand 


0(X) 

= r a d 

J; n ’’n 

(X) , 

0 (x) 

t 

^n 

= E < (X) 


n 


(4.10) 


and define the measure in the path-integral as 
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Uxll = 


n n 

in n 


(4.11) 


The path -integral W [A] is 

W [A] = J Dill e^ s 


n db^ TT da„ e" 

il ® L ^ 
in n 


(4.12) 


where S is expressed in terms of a^ and . It reads. 


" - ^ ^ ®P "q ■ 


where 


(4.13) 


fp, ■ ■ ”o>^pq ■ I ("•“) 


4.3 DIVERGENCE OF THE AXIAL-VECTOR CURRENT 

In this section, we shall give in a somewhat brief 
fashion the derivation of the axial-vector anomaly ecpiation 
(4.6a). We rely considerably on the procedure already utilized in 
chapter III and give only the main steps, the algebra here being 
very similar to the two-dimensional case. 

We define the regularized generating functional with one 
insertion of the axial current (x) (defined in Eg. (4.4)) by 

wJJ [A] = I DiH m J^(x) e® (4.15) 

Using equations (4.9) and (4.10) we find that 

j^x) = £ ^ bp Cx) (4.16) 

with 

X^^,(x) = 0 j(x) Vs^qCx) exp [ P ^3 *» ] 


(4.17) 
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WJJCA] can be evaluated by performing the Grassmann 
integration over a^ and b^ (for the result, see eguation (3.10)^. 

We obtain the divergence of W^[A ] , proceeding in much 
the same way as in section (3.4) of chapter III. Using Eg. (3.12) 
and defining 

5 


W^ [A] = < ^(x) e ^ e ^^V(x) > 






p P o 


+ [e(l-a)]" ZEE 
p q m 


P q 


K ^ „2 '^ ] 

V”o^ 


-X? > 


(i X -m^) (i X - m^) (i X^~m^) 
p o' ' q o' mo' 


(4.18) 


we obtain 


a^w^ [A] 
1/ '■ ■’ 


= 2im^W^ [A] + 2i E rg^p e 




2 2 

. le(X-a,{ [tTX^)^ nv^)]} 


-xf - x2 


t i[e(l-a)]2 r5^^(^)^s (^)sp ®^P[— 




(4.19) 


The higher order terms in Eq. (4.19) do not contribute to 
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the anomaly equations. This can be shown in much the same way 
as was shown for the corresponding higher order terms in the two 
dimensional case. [See Eq. (2.32) of chapter II and Appendix C ]. 
It should also be remarked that unlike the two dimensional case, 
the fourth term on the right hand side of Eq. (4.19) contributes 
in the four dimensional case. 

In the next section, we sketch briefly the evaluation of 
the last three terms on the right hand side of Eq. (4.19). The 
evaluation is somewhat complicated here as compared to the two 
dimensional case. While the third term on the right hand side of 
Eq. (4.19) is similar to the two dimensional case, the 
contribution to it [See Eq. (4.21) below] comes not only from the 
free Green's function, but also from the next term in the 
expansion of the Green's function; and the fourth term is entirely 
new here, but its evaluation is, however, very similar to that of 
the G^ term just mentioned. 

4.4 EVALUATION OF THE CHIRAL ANOMALY 

In this section, we shall outline the evaluation of the 
anomaly terms on the right-hand side of the chiral anomaly 
equation (4.19). 


Consider 

first 1 <Apy 5 <^p e • 

p ^ ^ 

The 

evaluation 

of 

this term proceeds 

as was done by Fujikawa 

[7] 

except for 

two 


. 2 . . . 2 . 
differences (i) M in his case is replaced by M /2 in our case 

(ii) 4 > and X are respectively the eigenfunctions and 
P P 

eigenvalues of rather than As the result for M for 

this term under consideration, does not depend on M, the first 
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difference is immaterial. The second change replaces A by aA 
everywhere. Thus following the result in Ref. 7, one obtains. 


lim 

M CO 


2i E (Ap r 50 p 



a A a,A„ 
47.2 .7 p A <r 


. 2 2 

le a „ sMIt' 

IT" v • 


(4.20) 


Now we shall consider the third term on the right hand 
side of Eq. (4.19). Calling this term A^(x) , we can cast it in a 
form more useful for evaluation, as was done in Sec. (2.4) of 
chapter II. The result [see Eq. (2.39) of chapter II] is 


J d^x a(x) A2 (x) 

J.2 

= ie(l-a)Tr d^y [Gjj(x,y) a(y)r^ exp ( 1 ) 5'^(x-y) /t(y) 


P 


+ ^5 Gj^(x,y) ^(y) exp ( ^ ) 5 V-y) oc(y), (4.21) 


where 


Gji (x,y) = E 


<^p(x) <^p(y) exp 




M 


1 X - m 
P o 


(4.22) 


= exp ( - 



) G (x,y) 


(4.23) 


The contribution to the right-hand side of Eq. (4.21) comes from 
the first two terms in the expansion of G (x,y) : 

G(x,y) = GQ(x,y) + ea J d'^z G^(x,z) ^(z) G^(z,y) + 


= G^ + G^ t 


(4.24) 
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2 

lim r a(x) A (x) = ^ f d'^x a(x) F (4.29) 

J i6n^ J 


Eqs. (4.28) and (4.29) lead to 


lim A_(x) 

M-»oo 


= ie^a (l-a) 
8n^ 



(4.30) 


In the limit M— > oo, the higher terms in the expansion of 
G(x,y) of Eg. (4.24) do not contribute. This can be shown in much 
the same way as in Appendix B. 


The evaluation of the fourth term A^ (x) on the right- 
hand side of Eg. (4.19) proceeds much the same way as the 
contribution of term and this too is dealt with in Appendix E. 
The result is 


lim 

M-foo 


A3(x) 


ie^(l-a)^ 

16n^ 




(4.31) 


The higher terms in Eg. (4.19) indicated by ellipsis do 
not contribute as M -> ». The proof proceeds as in the two 
dimensional case. See Appendix C. 


The net result is expressed by the anomaly equation 

. 2 

[A] = 2im^ W [A] + [ 1+ a^ ] . 

1671 

(4.32) 


Here W„ = W, “ and W„ 

u M-mo u P 

This can be cast in the form 


lim 



9 [A] = 2im^ Wp [A] + 


1 e 
2 

1677 


(1 - |3) F 


HV 


F 


(4.33) 



61 


Where one finds that the parameter |3 is related to the 
parameter ' a ' by 


^ = - a" . 


(4.34) 


4.5 VECTOR ANOMALY EQUATION 

In this section we establish the vector anomaly 

I 

equation, viz., equation (4.6b). We proceed in the following way. 
Consider the change of variables 


0(x) = r(x). 


-ia(x) 


and let 


ilf(x) = ip' (x) e 


A^(x) . a;,(x) - I a(x) 


. M 

in the expression for W^^ [A], viz.. 


(4.35) 


(4.36) 


= mTaT 1“'* if ] Vs i? ) <'(=') 


e®. 


(4.37) 


Noting 


°a4t^3 | i(l-a)a^a(x) j- (4.38) 


and thus 


f( D^^[A'] + i(l-a)5^a) (4.39) 


and also 


g-ia(x) = f (6j^^[A'] + i(l-a)a^a) e 


-ia(x) 


(4.40) 


W ^ [A] is expressed also as 
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= rTFT ,r 

X r(x) exp (^^[A^] + i(l-a)^a)^/M^J- r^^Tg 
X exp + i(l-a)^a)2/M^| r (x) 

H [A'] (4.41) 


where we have used the invariance of the measure and of the 
actional form under transformations of Eqs. (4.35) and (4.36), and 
gauge invariance of W [A] . We write 


wJJ [A] = Wj^^ [A'] + [A] + 0{<x^) 


(4.42) 


M, 


where the second term on the right hand side of Eg. (4.42), W^^[A], 
is linear in a. 


We write 


CA^ + i%“ 1 

M 1 r A s vr” CA] - 

= w/ [A] + I I dV «(y) + 0 (a ) . 


Comparing Eqs. (4.42) and (4.43), we obtain 


(4.43) 


5 W, “[A] 


1 r 4 u V ^ ^ M 

i J d^y a(y) slty)— “p" W' 


(4.44) 


So that Eq. (4.42) yields 


" wJJ [A] - W^“ [A'] + O(a^) 


(4.45) 


= [A'] - Wj,” [A'] + O(a^) 


(4.46) 
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The right-hand side of Eq. (4.46) is already of 0(a) as seen 
from the form of the right hand side of Eq. (4.41). Hence, we may 
replace A' by A and thus obtain 




w;,” [A] - [A] + 0(a2) 


(4.47) 


To evaluate the right-hand side of Eq. (4.47) we need 
expansions of the exponential operators to 0(a) ; 


exp-[-(?i^[A] + i(l-a)M^/M2j- = exp|- ^ 0(a^)} 


(4.48) 


expj-(fJ^[A] + i(l-a)^a)2/M2j. = 0(a^)j- 


To this end, we note 


«A+B _ ^A 
e = e 


|l+B + [B,A] + O(B^) + terms containing multiple 

commutatorsj- , (4.49a) 


(4.49a) 


^ '''® = -[(1+B' - \ [B',A']) + 0(B'^) + terms containing \ e^ 

V ^ multiple commutators/ 


(4.49b) 


Letting A 1- ; B = - Ja + ^a & ] in Eq. (4.49a) 

M 


and A' 1- , B' = - [f>.^oc + #la 0 ] in Eq. (4.49b) and 

using these results in Eqs. (4.41), one obtains 
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M 

w;,” [A] = 


= J D^/' \li(K) exp - j |l+B+| [B,A]| 


X j 1+B' - I [B',A']j- exp|^ j \/y(x) 

2 

+ multiple commutator terms + 0(a ). (4.50) 

As shown later (see Appendix F) the multiple commutator terms 
do not contribute in the limit M — > <». Thus, from Eqs. (4.44) and 
(4.47) , we have, 

V 


+ I J dV a(y) a" 


“ wW I [■ ^ 

- - 

+ y^yg (B'- I [B',A'])j exp|^- J ifi(x). (4.51) 


Carrying out the ^^r, ip integration as was done for the 
axial-vector case, or equivalently directly using, 

- W^Aj I = G(x,z) = < X I - I z >, 


(4.52) 


we obtain 


S W 


M 


5 J “<y> ^ 


= Trjd^z 5^(z-x) exp [B#A]y^rg 

J L J V 


. r 5#' n 

y^yg (B'- I [B',A'])l exp - -^2 

J L “M J 


(4.53) 
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We evaluate this as was done for the chiral case by 


using 

G(x,z) = Gq(x,z) + e I G^(x,y) ^(y) G^(y,z) d'^y + 

(4.54) 

Details of the calculation are given in Appendix F. 
Here, we simply state the results : 


,4 ^ 

Y 5 A^(y) 


(l-a^)ie ^ 

1671^ 


e F 
viipcr 


"P a; 6^x-Y). 


(4.55) 


Comparing this with Eg. (4.6b), we obtain the same value 
2 

for /3 = - a as in Eq. (4.34). 

We thus obtain the family of anomalies of Eqs. (4.6) in 
the path integral formulation. 

Finally, we comment on one possibly undesirable feature 

of our results and a way to rectify it. Eq.(4.34) says that if 

'a' is real, |3 is always negative, in contrast to the result in 

ordinary perturbation theory where |3 can take any real value. And 

'a' is required to be real for to be hermit ian for real gauge 

fields. We could generalize the result of Eq. (4.6) for imaginary 

values of 'a' as follows. W^ [A] is a function of fields which 

could be continued to purely imaginary A^. Then will be 

hermitian for purely imaginary 'a'. Hence we could assume 

reality of eigenvalues and completeness of its eigenfunctions. 

The entire procedure will then go through leading to the result of 

Eqs. (4.6a) and (4.6b) for purely imaginary A^ . We then d.efine 

W^ [A] for real A and imaginary 'a' by the same formal expression 

2 

and thus Eqs. (4.6a) and (4.6b) become valid with jS = -a holding 


for arbitrary real /3. 
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CHAPTER - V 


A COMPACT ARGUMENT FOR FAMILY OF ANOMALIES 


5.1 INTRODUCTION 

In the previous three chapters, the family structure of 
anomalies in (QED )2 ^ was established within the path- integral 
framework by doing explicit calculations. In four dimensions, the 
family of anomalies that was established, was in terms of a 
regularized axial-vector current, viz., 

a*"w [A] = 2im W [A] + F (5. la) 

^ 1671 

and 


[A,X] 
5 A^ (y) 


ie^ (1+/3) 
1677^ 


g jupo- 
V 




3^ s'^(x-y) . 


(5.1b) 


(The reason for establishing the family structure in 

this form was given in section (4.1) of chapter IV). By explicit 

(and laborious i) calculations for the terms contributing to 

right-hand side of equations (5.1) the results were obtained and 

it was seen that ^ = - a , a being the free parameter in operator 

A 

which was used to define and regularize < J„ >• 

'a 

In this chapter, we present a much simpler argument that 
proves the family structure of Eqs. (5.1) [20]. We show that as 

far as the family structure of anomalies is concerned, it could be 
arrived at by an examination of W^^ and its properties, that is far 
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more brief than the calculations of chapter IV [19]. Such an 
argument will also come in handy when we give a very general 
formulation of anomalies in QED [22] in chapter VI. In the 
non-abelian case too, when we deal with the question of 
'covariant' and 'consistent' anomalies in the path- integral 
framework [23] such an argument becomes an invaluable tool (see 
chapter VII) . 

In section (5.2) we give our notations and the 
definition of regularized axial-vector current. In section (5.3) 
we prove that if wj; = (wJJ - wjj| ^_j^) is local, the family of 

anomalies follows. In section (5.4) we show that is indeed 
local. The parameter |3 is, of course, not determined in terms of 
'a' in this treatment. The proof, given here for the four- 
dimensional case, goes through in two-dimensions, with a few 
changes in detail. This is commented upon at the end of section 
(5.4). In section (5.5) we give the conclusions. 

5.2 PRELIMINARY 

We consider the Euclidean space Lagrangian for four- 
dimensional QED: 

ie = ^ (i - m^) ^ / (5-2) 

where l6 = r^D = (9 + ieA ) and A . is a real abelian external 

f 11 ^ II ju 4 

)c 

field. We shall mainly use the notations of Ref. 7. y (k = 1,2,3) 
and y^ = iy° are all antihermitian. y^ s iy^y^y^y^ is hermitian. 
^1234 “ = 1 . The metric is g^^ = Diag. (-1, -1, -1,-1) . 

We consider the path-integral in Euclidean space 
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W [A] = J D0 e^, (5.3) 

which will be defined in terms of the eigenfunctions of the 
operator = $ + iea^. 

As in chapter IV, we define the regularized axial-vector 
current as^ 

(X) = ^(x) exp [“ ^ ] 

and connected, regularized Green's functions with external gauge 
boson lines of are generated by 

^ = rw J 

. 4 - - 4 

Under "parity” transformations ill, \l/-> - ip r r ~ 

( i = 1/2,3) and A ^ — ) A^ , transforms as a pseudo-vector and so 

does [A]. 


Our derivation can be looked upon directly as the evaluation of 
<J^(x)> defined below via Eq. (5.16) without reference to path 
integral formulation. However, the definition given below finds a 
natural interpretation within Fujikawa's path-integral formulation 
wherein and iji are expanded in terms of eigenfunctions of In 

other words , in obvious notations [ 7 ] , 

jJ(x) - E £ Bn % '"n <='> 

n m 

AM - t 

— > J^(^) = E E ® ® 

n m 

•Thus our regularization amounts to introducing a 
Fujikawa regularization function exp (- A.^/M^), for each summation. 
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5.3 FORM OF AND THE FAMILY STRUCTURE 


We shall prove the result for the family of anomalies in 
two stages, in this and the next section. In this section, we 
shall consider the expectation value of the axial-vector current, 
Wj^[A] , and consider contributions to it arising specifically from 
the gauge-variant regularization (and thus involving (a-1) or its 
powers). We shall show then that if this piece, called W^ [A], is 
a local functional of A^ , the result for the family of anomalies 
follows. Then, in the next section, we shall prove that W^ [A] is 
indeed local, completing the proof. 


We consider. 


tA, = 


I Dm urn e® mm exp [- ^ ] r^r 


X exp 


[-51 


^(x) 


(5.6) 


lim 

M -+00 




We split Wj^[A] into two parts : 


Wj,[A] = W^°[A] + W^^[A]. (5.7) 

Here 

= W^(A] 1^,^ , (5.8) 

is the expectation value of the axial-vector current in the 
gauge- invariant regularization (a = 1) . The gauge invariant 
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regularization is, of course, the one already studied by Fujikawa 
[7] in a somewhat different form and gives the well known result 
for the chiral anomaly : 


with 


a*" w^°CA] 


2 im^ Wp[A] + 




(5.9) 


Wp[A] 


lim 

M-*eo 


< i^(x) 




(5.10) 

j^The result of Eg. (5.9) should contain Wp[A] = Wp[A]j 

However as shown at the end of Sec. (5.4), Wp[A] is independent 
of a.j 

The result for the gauge invariance of W^^^CA] is 
expressed as 

^ = 0 - ( 5 . 11 ) 


Equations (5.9) and (5.11) are just the special case of 
the anomaly equations (5.1) at /3 = -1. Our aim, in this work, is 
to generalize the above results for an arbitrary value of 'a', 
which then establishes the equations characterizing the family of 
anomalies. 


Now, we shall establish a theorem relating the form of 
Wj^^CA] to the family structure. 
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Theorem I : 


If W^,^[A) 

W/[A1 = 


is of the form 


f (a) 


g 4X0- 

V 


(5.12) 


then the result of the family of anomalies of Eqs. (5.1) follows 
immediately with 


= 


8 n^i f(a) 


(5.12a) 


Proof : It is easily seen from Eqs. (5.7), (5.9) and (5.12) that 
a" W^[A] = 2 WpCA] + [ ^ + fl2l j F 

(5.13a) 

and from Eqs. (5.7), (5.11) and (5.12) that 

(5.13b) 


Eqs. (5.13a) and (5.13b) are identical to Eqs. (5.1) with /3 given 
by Eq. (5.12a). Hence etc. 

We wish to make a few remarks. From Eqs (5.7), (5.8) 

and (5.12) it follows that 


f(a) 1^^^ = 0 , (5.14) 

and thus at a = 1, j3 = -1 as seen from Eq. (5.12a), the value 
corresponding to no vector anomaly. 

The result of theorem I states an important point, viz., 
it is only the form of W^ [A] which is needed to prove the family 
structure and not the detailed expression. In particular, f(a) 
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Which is determined by a laborious calculation in chapter IV, is 
not needed at all for this purpose. (For completeness we shall 
state the result for f(a) : 

ie^ 2 

f(a) 5 - (1-a^) (5.15) 

2 

yielding /3 = -a ) . 

Next we shall show that the form posited in Eg. (5.12) 
is indeed a result of the locality of Wj^^[A] alone. 

Theorem II : If Wj^^[A] is a local functional of A^ , then it has 

the form of Eq. (5.12) : 

w/[A] = f(a) A^ . 

Proof ; W^^[A] is a pseudovector of canonical dimension three. 

As is easily verified, € ^^^A 3^A_ is the only functional of 
A^ that is local and a pseudovector and has dimension three or 
less. Q.E.D. 

In the next section, we shall prove the locality of 

W^,^[A] given by Eq. (5.7). It will turn out to be necessary to 

examine somewhat closely. But unlike chapter IV, no detailed 
calculation will be needed. 

5.4 LOCALITY OF wj 

We shall first cast [A] in a form from which the 

structure of terms contributing to wj [A] can be read. We shall 

then put down the conditions that determine whicfe terms contribute 
to W^ [A] . We shall discuss when a term contributing to W^ [A] 
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is local. We shall find it necessary to consider the infrared 
behavior of the integrals involved. These will ultimately lead to 
the result that W^ [A] is local, which as shown in the previous 
section, is sufficient to prove the family structure. 


We rewrite W^ [A] as 


"t. 


Tr J d'^z 5^x-z) exp [" ^ ] exp [" ^ ] 

X J D\li e^ ^(z) 


lim 

M->o> 




Tr J d^z 5^(x-z) exp ^ exp ^ jG(x,z;A) 


(5.16) 

Here G(x, z; A) is the fermion propagator in presence of external 
field A^, and has the expansion 


G(x,z;A) = G^(x,z) + e J G^(x,y) ^(y) G^(y,z)dV + 


We express 


5 (x-z) exp 


L -I J (27r)^ L 


ax 


(5.17) 


- i)t)2 


M 


(5.18) 


and 


0 


^ ]Go('''y)= 

U ^ J 


-ik . (x-y) 

d^kj^e ^ 


(271) 


exp 




+1 

■J<r“o 


(5.19) 
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The nth-order term in Eq. (5.17) is. 


4 4 4 

, . d^k, d k- d k„ i 


••• ^ <Vi - V 


, -ik, .X + ik„. z 

11 n 

— e 

iti 

o 


(5.20) 

This n^^ term in G contributes to the right-hand side of 
Eq.(5.16); this contribution, upto factors, is expressed, using 
Eqs. (5.18) and (5.19) as 


2 k. 


Tr 


J d-'k d\....dV e 


ik. (x-z) - ik 


r — + — 1 

l.x + ikj^.z L -I 


n 


X 


^ Vs =*P{' ^ ['‘ax - 2i>^i-Dax]}-^ 

9^ ? 9;^ ? (>'2->^3> ^ • 

(5.21) 


We shall now introduce momentum variables 


<3i = ^2 " ^i"^o / 


1 2 


= ^n-1 -^n 


(5.22) 


so that upto an overall factor, the expression (5.21) becomes 

r 4 r 4 4 iq^. (x-z) - i(q 2 + + ^n^*^ 

Tx^z/d^q, ....d\ e 1 


X Jd^K exp [ ^ X.jexp - ^ [«, - 2iX.6,J 

exp {- ^ [ 0 ^^ - 2i (k-qi).D^^ ]| .1 

“ (9-9i-92>*“o 


(5.23) 
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We now imagine scaling k — > Mk everywhere in expression 

(5.23). The relevant k integral then becomes, upto factors. 


J . 5 ] . e.p[- ^ . 1^]} 




I + 

exp < =■ + 


2i(k-q /M).D ^ 1 ^ 

IT ^<'*2' 




(5.24) 


The general form of a typical term is 


M4-n ^4j^ 


r f '‘a l“f V“ 1" ,v,n-n _r ^’'•'*11 

I. •' si J,2 J [ M J I Jj„2. „2^„2j M J' 


(5.25) 


a, /3, n-1 = 0,1,2, 


where we have paid no attention to the ordering of y-matrices and 


Hi 

k' refers to either k and/or k - -r; and k” refers to 

xl 


V - i V - — i £ 

^ M ' ^ M 


, k - 


qi+....+ q^ 
M 


In order that (5.25) be nonzero, the trace of y matrices 
must not vanish. This requires that there are at least four y 
matrices with y_ , so that 

D 


2a + 2n s 4 . 


The leadin g M power is seen to be 
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Vx = 4-n - 2a - p . 


(5.26) 


We now imagine expanding (5.25) in powers of and m^ , 
upto a sufficiently many but finite number of terms. 

2 4 

p 1 1 1 

Example = —x — — r- = ^ j + - — r— . The actual M 

L x4 x*{x2-«i2 ) J 

power of a typical term obtained from such an expansion will be 
less than by a non-negative integer t? ( a 0 ) so that 

A = 4-n - 2a - 0 - 7 } . (5.27) 

The overall power of k of this specific term, which 
determines the convergence in the infrared region, is 

A' = 4+|3-n-T)' (5.28) 

where ij' is an integer. An inspection of (5.25) will convince the 
reader that 


V - T1' ^ 0. (5.29) 

Now, each term in the expansion of (5.25) carries a non-negative 
power of 'a' arising solely from . A term will contribute to 

|a=l, carries a positive power of a. 

This requires that either a > 0 or 0 > 0 so that 

a + 2: 1 (5.30) 

We now focus our attention to terms that contribute to W^ as M-> 
For such a term A a 0. We then find that for such a term 


00 . 
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A' = (4-2(X-/3-n-n) + 2(a+/S) + (V-V') 

= A + 2(a+^) + (v-V') 

> 0, (5.31) 


where a use of Eqs. (5.29) and (5.30) has been made. We shall now 
prove a theorem which implies that the condition of Eq. (5.31) is 
indeed sufficient for locality of W^ [A] . 

Theorem : If A' > 0 for each term contributing to W^[A] 
from the right-hand side of Eq. (5.23), then W^ [A] is local. 

Proof : First we note that there are only a finite number of 
terms in the expansion of (5.25) and of (5.17) that 
contribute as M— >oo [See Eq. (5.27)]. As A' > 0 for each 
of the terms contributing to W^ , the k integrals are 
infrared convergent and hence well defined. The result is a 
polynominal in q^^ q^ and A(q 2 ) 

its derivatives. Each contribution to W^[A] from expression 
(5.23) can be broken up into terms of the form 


I 





(x-2) 

Pi(qi) d 



-iq, . z 

e A(q2) ^ 


X 


J 


d'^q 


n 


-iq„.Z 


A(qj^) ^ local polynomial in A(x) , 


(5.32) 

where P .... P are polynomials in q , ... q , respectively. 

X f n in 

Hence expression (5.32) is seen to be local. Now W^ [A] consists 
of contributions with A' > 0 from terms of the form of (5.23) and 
hence is itself local. 
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This together with theorems I and II of the previous 
section completes the proof of the family structure of anomalies. 

The argument of Sec (5.4) we gave, applies equally 
well to Wp[A] instead of W^[A]. Hence the a-dependent 
contributions to Wp[A] must be local and also pseudoscalars of 
dimension three. But there are no such contributions. Hence 
Wp[A] = W°[A]. 

A final comment : Locality implies that has the 

structure of Eg. (5.12) and powercounting and dimensions convince 
one that [A] is of 0(M°) and hence finite as M— 

We note that our proofs would hold equally well in two 
dimensions with the following changes: [A] is of the form 

f(a)e^^ A^ , and one has to replace 4 by 2 in Eqs. (5.25), (5.27), 
(5.28) in particular. 

Our proof of family structure can be generalized 
greatly and could be applied [22], say, to point-splitting 
regularization (after certain modifications to take into account 
the lack of manifest Lorentz covariance), (see section (6.7) of 
chapter VI) . 


5.5 CONCLUSION 

In this chapter, we have shown the existence of family 
structure of anomalies in (QED)^ by establishing locality of W^. 
This was done by examining the parameter dependent contributions 
to W^. No detailed calculations were needed. The proof for the 
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family structure was seen to hold, after appropriate 
modifications, in two dimensions also. Arguments, along the lines 
of those used in this chapter for establishing locality of 
parameter dependent contributions to the expectation values of 
currents, will be used in the following two chapters also, to 
establish the results there. 
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CHAPTER - VI 

A GENERAL FORMULATION OF ANOMALIES IN QED IN 
PATH- INTEGRAL FORMULATION 


6 . 1 INTRODUCTION 

In this chapter we give a very general formulation of 
anomalies and their family structure in QED in path-integral 
formulation which is based on the definition of the axial-vector 
current regularized in a very general manner [22]. So far in the 
thesis, our derivation of family structure of anomalies in the 
path- integral framework has made use of a somewhat specific 
definition of regularized currents (see equations ( 3 . 4 ), ( 3 . 5 ), 

(4.4)) and their expectation values. Such definitions have been 
based on the use of eigenfunctions and eigenvalues of the operator 
1^^ = j^+iea^. These definitions proved sufficient in leading to 
sensible and veil-defined derivations of the chiral and vector 
anomalies in (QED ) 2 4 . With a view to generalize the definition, 
we note the two main ingredients which go into defining 
expectation values of regularized currents; 

(1) An operator with a complete set of eigenfunctions for 
expanding the fermionic fields and for defining the path-integral. 

(2) A regularizing function for defining ill-defined, 
unregularized quantities. Such a function is defined in terms of 
the eigenvalues of the operator which is used to define the 
path-integral . 
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In this chapter we show that the formalism developed in 
the previous chapters for the special case (of an operator and 

a special regularizing function e ' ) , is powerful enough to 

allow a very wide generalization, with only some technical 
modifications needed for the details. The motivations for 
generalization are clarified by the following observations, and 
results to be established in this chapter. 

(1) As was pointed out in chapter I, insofar as the definition of 
the path- integral measure is concerned, we could expand the 
fermion fields if/ and ip in any bases. For example, one could 
expand ip in terms of any complete set of basis functions 

= E (6.1a) 

n 

Here could be the complete set of eigenfunctions of a 

local hermitian opertor X^. One can look upon the fermionic 
functional integral as one in which ^ and ^ are independent 
Grassmann variables. One can then expand iji in terms of left 
eigenfunctions of possibly another operator Y 

^(x) = I (X) , (6.1b) 

m 

and then define D^pDiji = g db^^^ g Further, in defining 


X can also be chosen to be a nonhermit ian operator having a 
complete set of eigenfunctions. Our discussion applies also to a 
restricted class of nonhermitian operators. For further details 
see Sec (6.4B). 
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unregulated ill-defined quantities, one could introduce possibly 
independent regularizing functions and in terms of the 

eigenvalues and of X and Y, respectively. (See for 

example. Eg. (6.3) below). Further, the operators X and Y and 
regularizing functions could be chosen widely. All these 
definitions of the path-integral and associated ill-defined 
quantities are, from a purely formal point of view, on an equal 
footing (in absence of physical constraints) . Therefore, an 
important result like derivation of anomalies and family structure 
should not, in our opinion, depend crucially on specific choices 
of operators. As we shall see in this chapter, anomaly 

derivations in path-integral formulation can be carried out by 
using very general basis to define the path- integral. The 
family of anomalies derived in the previous chapters is not 

crucially dependent on the choice of operator as EJ . The one 

/ 21 — — — 

parameter family structure in QED holds for a very general X 
(which could depend on many parameters) , of which 0 happens to be 
the simplest special case, sufficient to get family structure. 
This is discussed in sections (6.3) and (6.4). 

(2) Another important aspect of the work in this chapter is a 
detailed mathematical formulation to see how ambiguities in 
anomaly formulations (which manifest as arbitrariness in anomaly 
expressions) arise, in the path-integral formulation, from the 
arbitrariness in the choice of basis for defining the 
path— integral measure. In the context of QED, anomaly expressions 
are arbitrary due to the presence of parameter in family 
equations. /3 is related to the choice of operator X to define the 
path-integral. (See, for example equations (6.6) and (6.20) 
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below) . 

(3) In the literature, QED anomalies have been derived using 
various methods like Feynman diagrammatic methods [See first of 
Ref. 2], point splitting methods for regularizing currents [34], 
path-integral formulation of Fujikawa [7] etc. We shall see that 
all such derivations can be looked upon as special cases of our 
works in that these derivations are equivalent to ours for special 
choices of regularizing operators X, Y and regularizing functions. 
This is made clear in sections (6.6) and (6.7). 

Finally, we would like to emphasize another aspect of 
this work. Until Fujikawa's derivation of chiral anomaly, 
regularizations used in QFT have been generally based on momentum 
space, (apart from the coordinate space regularizations such as 
point-splitting, lattice regularizations) and detailed rigorous 
results have been derived for such momentum space regularizations. 
Our study, in this chapter, can be looked upon as a study of a 
wide class of new field-dependent regularizations (using general 
operator X) done with the example of chiral anomaly; the momentum 

space regularizations being a special case with X = ^ /M . The 

procedures used in establishing theorems in this chapter may have 
a general utility in the context of such field-dependent 

regulators. [It should be pointed out that field-dependent 

regulators are nontrivially different from momentum space 
regularizations, e.g./ quantum equations of motion are 
nontrivially altered [52,53]]. 

In section (6.2) we give our notations and also give 
explicitly the definition of the regularized axial-vector current. 
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In section (6.3) we establish the family structure of anomalies 
based on this very general definition of the regularized 
axial-vector current. We state the assumptions on the form of the 
operators used for defining the path integral. In section (6.4), 
we discuss in detail the restrictions on the regularizing 
functions and operators, which are necessary for our proof of 
family structure to go through. In section (6.5) we give a 
general and itre 11 -defined derivation of chiral anomaly equation 
where a very general operator X is used to define the 
path-integral. Use is also made of a generalized W-T identity. 
Anomaly terms arise in a well-defined and regularized form, 
naturally, and further, they are shown to arise both from jacobian 
and action sources. Sections (6.6) and (6.7) are devoted to 
comparisons with other known derivations of the QED anomalies. In 
section (6.8) we make some concluding remarks. 


6.2 PRELIMINARY 

A. Notations 

We shall mainly work in the context of (QED) ^ though our 
results can be generalized to (QED), easily. 

We consider the four -dimensional Euclidean lagrange 
density for a Dirac fermion ^ : 

£ = ^ (i ^ (6.2) 

where 0 = 9^(9^ + ^ real abelian external field. 

The notations used are those already defined in section (4.2) of 
chapter IV. 
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B. Regularized axial-vector current: choice of operators and 
regularizing functions 

The regularized axial-vector current is defined as 

follows: 


(X) = ^(x) g(t) f(X) ijj(x) (6.3) 

[Here ^ is defined by s x ^ 


The operator X is local, dimensionless and is a finite 

= ^ ) . We shall assume that X depends 
M ^ 


polynomial in (e*g* X 


only on one mass parameter M and finally we shall let M 

2 

choose X to have the form 


-> CO. 


We 


2 

This form of the operator seems unusual for two reasons, (a) The 
large dimensionful parameter M is included in X itself. (b) X is 
allowed to contain different powers of M. The first has been done 
for reasons of technical simplicity in writing but the second 
needs explanation. Our choice for X certainly includes operators 
of the form • V where G is a dimension 2n operator that is 

^ 2n 

indpendent of M [such as (Jp) ]. In this case are 

eigenfunctions of G and are independent of M. But we can also 

include cases in which X contains operators of two or more 

canonical dimensions and then (only), in X(M) 0j^(M) = Xj^(M)^^(M), 
0^ and are M dependent. While this is unusual, we have 

included it because in the same argument we can include all 
possibilities simultaneously. 
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X 


N 

E 

i=l 


F^[a, A, dh, ] 


M 




(6.4) 


where F^[3,A,aA, . . . ] are 4x4 matrix local polynomials in A^ and 

derivatives, and 

Dim (F.) = D. ^ < » ; N < » 


We shall assume that at A = 0, X = X and X is a positive 

o o 

semi-definite operator (e.g. X^= ^ ). Further constraints on the 

° M ^ 

form of X are given in section (6.4). 

Y is another operator of a similar kind. f and g, are 
certain regularizing functions and their properties are discussed 
at length in section (6.4). 

We shall, generally, define the generating functional of 
one loop Green's functions with external photon lines as 




[A;x] = 


W[A] 


J jf (X) 


(6.5) 


This is the starting point for our derivation of family 
structure as shown in the next section. In evaluating 9*^W^ , the 
derivation can, when X = Y be interpreted along the lines first 
formulated by Fujikawa [7] in which the path-integral measure is 
defined in terms of eigenfunctions of X (for Fujikawa X 
This is discussed further in Sec. (6.5). 


2 ' 

vr 
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6.3 FAMILY STRUCTURE OF ANOMALIES 

In this section we establish the family structure of 
anomalies given by the following equations: 




2im^ Wp[A] + 


le 

1671^ 


(1-^) 



(6. 6a) 


M CA(X) ] 

Y 5A^(y) 


ie^(l+/3) 

2 

1671 


"PMPO- 




(6.6b) 


where 


W [A] = lim W ” [A], 

M >00 


(6.7) 


and 


W [A] = lim < ^(x) g(^) y f(X) t/f(x) > (6.8) 

M — >co 


where |3 is a parameter depending on the parameters in X and Y. 

«^CA] is given in equation (6.5) . Detailed calculations for 

family structure were done in chapter IV in the four-dimensional 

2 2 —X 

context for the restricted case X = Y = and f = g. = e in 

Eq. (6.3) . The calculations were quite laborious and we then 
followed an indirect route in chapter V to establish the family 
structure where detailed calculations were not needed. In this 
section (following the discussion of chapter V) , we show that the 
one parameter family structure holds for very general operators X 
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and Y which could depend on many parameters in general, 
operator X = only the simplest special case for which the 

family structure holds. (Of course, X and Y are not completely 

arbitrary but must satisfy certain restrictions on their form, to 
be discussed later in Sec. (6.4). These restrictions are 
necessary for our proof of family structure to go through) . The 
only restrictions we assume, to begin with, on the regularizing 
functions are that f(o) = g(o) = i and that they vanish 
•'sufficiently rapidly" at « so that contributions to W^[A] are 
ultra-violet convergent. The required behaviour of these 
functions at <» is made precise in section (6.4). We also assume 
that these functions are a Taylor series in X,Y (see Eq. (6.31)). 
Therefore, under certain conditions on operators X, Y and 
functions f and q which will be explored in the next section in 
greater detail, we derive the family structure of anomalies. We 
rely heavily on the content of chapter V since the modifications 
needed in the discussion of chapter V when applied to the present 
general case, are of a purely technical kind. We begin by stating 
the assumptions on the form of X (and also of Y) . 

Consider X [a, A] at A=0. We shall assume that X [9,0] s X [^] is 

g2 ° 

a function of only. 

We then express 

X 3 X [ ^ ] + X' [a, A, aA, ] (6.9a) 

o 

Evidently X' [a,A] |^_q vanishes. In a similar manner, we write 
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If . 


^ ] + t' [a, A, aA, ] 


(6.9b) 


Now consider first the case, X' = Y' = 0. In such a case, X and Y 
are (possibly complicated) polynomial functions of ^ only, a 
situation very similar to that considered by Fujikawa [ 7 ] 
originally. In this case, we should expect, for arbitrary 
X Y and f,g (that guarantee regularizaion) the family of anomaly 

O / Of 

equations with j3 = -l, i.e. no vector anomaly. This will be 
confirmed shortly. This would mean that the deviation from ^ = -1 
arises only when either or both of X' and Y' are nonvanishing. We 
would therefore like to split Wj^[A] into two parts of which a part 
W°[A] arises entirely from X^ and Y^ terms in Eqs. (6.9), and 
segregate the remaining part. (This indeed has been the 
motivation for splitting X and Y in the manner of Eqs. (6.9)). 

To this end, we define 

W^[A] = W°[A] + wJ[A] (6.10) 

with 


W°[A] = lim < i^(x) ^^(^^/M^) fo(l?^/M^) (/'(x)> 

M — >00 


s lim < J (X) > (6.11) 

M — >00 


where 


fo (0^/M^) ^ f [Xq ((^^/M^)]. 


( 6 . 12 ) 



We further define 

W° [A] = lim <^(x) g_($^/M^) f (9^/M^) i/t(x) > (6.14) 

^ M — >00 ^ ^ ° 

aV°^(x)> = - < i5(x) + im^j Tg fo <&(X) 

+ ^(x) 7 ^ /q (P^/M^) (0 + im^) 0(X) 

- 2 0(X) q^ip^/m^) Tg /q (P^/M^) 0(x) > 


90 

(6.13) 


(6.15) 


Now, we observe a result such as 


< 0(x) a(t) b(^) 0(x) > = < ^(x) a{p) b(0) 0(x) > 


(6.16) 


which is easily seen by expanding 0 and p in terms of eigen- 
functions of 0 (which is always possible) and simplifying both 
sides. Using such a result, Eg. (6.15) simplifies, using Eq. 


(6.14) to 
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V o 

9 W° [A] 


lim -< fix) if+ im^] y F (li % ^ l^(x) 

M — >00 ' o i> r 

+ ^(x) Tg F (^^/M^) + iiu^) ^(x) > 

+ 2 W° [A], (6.17) 


where F(x) = ^q(x) /^(x). The first two terms on the right-hand 
side of Eq. (6.17) are precisely those evaluated by Fujikawa [7] 
except that the exponential regulator e~^ is replaced by another 
function F(x) . But as Fujikawa [7] has shown, the result, as 
M — >oo, does not depend on F provided certain conditions on F are 
satisfied. This is shown in sec. (6.4) to be the case for f and q 
that are an acceptable pair of regularizing functions. (see also 
Eqs. (6.109) and (6.110) below). Hence, 


W° [A] = 2 im^ W° [A] t F^^ F*^^. 

Sjt 


(6.18a) 


From gauge invariance of W^[A] it also follows that 




(6.18b) 


These equations coincide with Eqs. (6.6) for j3 = -1 except 
that W [A] in Eq. (6.6a) is replaced by W°[A] in Eq. (6.18a). As 

Jr 

seen at the end of this section, W [A] = W°[A]. So Eqs. (6.18) 

XT ir 

give the usual anomaly equations at 3 = -1. It is thus seen that 
the family structure of anomalies for W^[A] would arise from the 
part [A] of [A], defined by Eq. (6.10). Hence, as in 

chapter V, it is this part that we study in some detail. As in 
chapter V, we shall see that the family structure by itself (and 
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not the value of /3) depends only on the form of [A] . This is 
established by the following simple theorems proved in chapter V. 

Theorem I : If [A] is of the form 

[A] - B A^ , (6.19) 


then the result for the family of anomalies of Eqs. (6.6) follows 
with 


/3 


-1 + 


STT^i B 


( 6 . 20 ) 


provided W [A] = W°[A]. (These have been defined in Eqs. (6.8) 

tr It 

and (6.14) respectively). 


For the proof and comments, see chapter V. 


Theorem II: If [A] is a local functional of A^ then W^[A] 

. 1 

IS of the form of Eq. (6.19), provided [A] is a "pseudovector” 
under "parity" transformations [20]. 


. 4 — - 4 

[The "parity" transformations are defined by \li — ^ if 
A^— > -A^ (i = 1,2,3), A^j — »> A^ . A^ is a "pseudovector" if A^— >. A^ 
(i = 1,2,3) and *• ~ A]^ under "parity" transformations]. 

In order that [A] is a "pseudovector", it is 

sufficient that [A] is a "pseudovector". This is guaranteed 

if X and Y transform as Lorentz scalars, which we shall assume, 
(see sec. (6 . 4B) ) . 

It is, thus, evident that if [A] can be shown to be a 
local functional of A^ , then even without the need for doing 
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explicit calculations, the result for the family structure of 
anomalies would follow. We, thus, proceed to show the locality of 
[A] as in chapter V, by examining the form of a typical 
contribution to it. 

Consider, now, W^ [A] defined by Eq. (6.5). We note 

wJJ [A,x] = - Tr J d'^z <5'^(x-z) g(^) f(X) ^(z) > (6.21) 

Using the definition of the Green's function 

G(X,z) = - J D(/> e® \/l{x) ^(Z), (6.22) 

this becomes 

wJJ [A,x] = Tr J d^z 5^(x-z) g(1f) y^y^ /(X) G(x,z) . (6.23) 

Here, we note that G(x,z;A) has the expansion 

G(x,z;A) = G^(x,z) + e I G^(x,y) ^(y) G^(y,z) d\ + 

(6.24) 

The expression W^ [A;x] involves 
5^(x-z) 

= f d^k g(1f). (6.25) 

(2Tr)^ J 

Now ^ contains differential operators acting towards left acting 
on We define the right-hand side of Eq. (6.25), after 

carrying out the differentiation, to be 
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— ^ r d^k 1. 

(2Tiy J ^ 


(6.26) 


where is obtained from t by replacing by ( + ik^) in 


every place. 


In a similar manner, we note that an expansion of Eq. 
(6.23) using Eq. (6.24) contains in it an expression 


(X) G (x,y) = f(x) r ^ 

J (2nf 


-ikj^.(x-y) ^ 


r®o 


f i 

J (2Tr)^ 


d'^k^ -ik^.(x-y) 


e - f(XJ 


??”o 


d^kj^ -ikj^.(x-y) 


J— ^ 




(6.27) 


where X^ is obtained from X by replacing the differential operator 
in it (but not derivatives of gauge fields) by - ik- . 


Noting the definition of X from Eq. (6.9), we obtain 


[ 




X- [ a. A, aJ , 


(6.28) 


where the two terms on the right-hand side of Eq. (6.28) are 
obtained from the respective terms on the right-hand side of Eq. 
(6.9a) by the replacement — > a^ - ik^^. We re-express 


*“lC^ 


(6.29) 
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' ’‘o [ [.,A,K,] 


(6.30) 


We now expand f(X^).l in Eq. (6.27) in a Taylor series 


about 


r "^1 1 

X, = \ , as follows: 

1 ° L m2 J 


2 ,„2 


f(x^).i = f(x^[- k^/M‘] + X ca,A,k^]).i 


= ^ tx (a,A,kj^)]^.l (6.31) 


with f. A similar expansion will be valid for an analogous 
quantity l.< 5 ^(^j^) appearing in Eq. (6.26) with analogous 
definitions. These expansions are to be substituted in Eq. (6.23) 
ultimately. 


We now wish to study the form of contributions to 

W^ [A] , and these are contained in the contributions to the 
expression (6.23) for [A] . Various contributions to the right 
hand side of Eq. (6.23) arise when expansions of Eqs. (6.24), 
(6.31) and a similar expansion for l.g(^^) are substituted. For 
concreteness we take nth-term from the expansion of Eq. (6.24). 
This term is, 


n-1 


4 4 

d^k d^k 




-ik. .X + 2 

•» (Vi -V jr^ " 

' n o 
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A contribution to [A] arises when the above term is substituted 
in place of G(x, 2 ) in Eq. (6.23) and the qth-term in the expansion 
of is taken from Eq. (6.31) and pth-term in the expansion 
of l.q(^^) is taken. This contribution upto factors is 


Trja^z Jd^lc d^k^. 


.d'^k 


ik. (x- 2 ) -ik, .x+ik .2 , , 

. i n ^(p) 


n 


(- 





l.[Y (a,A,k)]P [X (a,A,k^)]^.i 

^ ^ f (^n-1 "^n^ ^^-m^ ' (6.33) 

with Oip<oo; Osq<oo; lsn<oo. Here we have introduced 

2 

the notation f ^ [-k^/M^]j 3 [ ^ ] analogous 

definition for . 

o 

We shall now introduce momentum variables 

’l = ' ’2 = ’'rt Vl - '^n' (®-”> 


so that upto an overall factor 


|d\ ... d\«p{ 




X 


, the expression (6.33) becomes 
i [qj^.(x-2) - i(q2+q3+ + qn)-z]| 

^ n — rr 

i.[Y(a,A,k)]Py^y5 [X (a,A,k-q^)]'J.i 


== <’=> f <’3) ? 


•m 


n 


. (6.35) 




We now imagine scaling k -> Mk everywhere in the above expression. 
The relevant k- integral becomes, upto factors, 
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In a similar manner and with analogous definitions, we would 
obtain an expression for the other factor Y(a. A, Mk) appearing 


in Eg. (6.36), viz.. 


^ . r [f - il^ ] 2 

Y(a. A, MX, = {v„[— p ]-'‘o[-^]} 


p. G. + iMk, A, 3A, ] 

i-. 

j M 


(6.40) 


Recalling that and are polynomials in their arguments, the 
general form of a typical term contributing to the expression 
(6.36) is 


iff ? 


^i ^i [^“iMk+iq^,A, . . . ] 


1 y ^ 


M 


d. 

1 


.1 (k'=)%r5 


X 1. 


p.G. +iMk, A, . . . . ]' 

"■j 

■ y-- m^/M • 

J M 


, „2 2 ,„2 
k" - m /M 
i- o 


n 


(^)"-" (k2) 


X ([k - . 


(6.41) 


where we have paid no attention to the ordering of y-matrices, k' 


refers to either k and/or k - ^ amd k” refers to one of the 
momenta 


k - , or k 


+ ^^2 
M 


, or or k - 


n 

M 


Here 


®/ Tfi /3 , n“l ~ 0, 1, 2, — — — — 

1 / J I 


(6.42) 


The leading power of M in the above expression is seen 
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to be 


\ax "" 4-n-2a-^ - I y. m. - I a. m. (6.43) 

i j 

We now imagine expanding expression (6.41) in powers of and m^ 
upto sufficiently many but a finite number of terms. Example: 

1 1 m^ m^ "1 

— o = — 5 - + — r + ;; — :r * . The actual M power of a typical 

x^-m^ X 2 X ^ x4(x2-m2 ) J 

term, A, obtained from such an expression will be less than A 

^ max 

by a nonnegative integer t) ( ^ 0 ) so that 

A = 4-n-2a-0-j; y.m. - Y a.m. - n (6.44) 

i j ^ ^ 

We, now, look at the infrared behavior of this term. Assuming 

that ( 0 ) and ( 0 ) are finite, this term, in the infrared 

. A' . 4 

region, behaves as k (counting d k) where 

A' = 4+/3-n + I + I Ij O-j - 7 }' + 29 , (6.45) 

where tj' (a 0) is an integer. An inspection of Eg. (6.41) will 

convince the reader that 

7 ) - Tj' - 0 . (6.46) 


Uptil now, we have been considering a general term contributing to 
W^ [A], which contains all the terms contributing to W^[A], in 
which we are really interested. Now a term contributes to 




= ^ 


x.=0, p.=0 


/ 


(6.47) 



100 


(See Eqs (6.9) and (6.37)) only if power of some and/or Pj is 
positive. This is so if (y and cr are integers) 

E r. + E cr . > 1 . (6.48) 

i j -* 

Hence as all 2: 1, Eq. (6.48) is valid iff 

E r. m- + E <^-1 ^ 1 (6.49) 

i j 

We, now, focus our attention on terms that contribute to [A] as 
M — > CO . For such a term 

A ^ 0 (6.50) 

We then find that for such a term 

A' = 4+/3-n E 7"^^ + E Ij «'‘j “ T)' +29 

= A + (2a + 20) + E + E 0 “^ ro . + (7)-7}') 

i j 

+ E i^yi + E ij o-j + 29 


£ 1 (6.51) 

on account of Eqs (6.50), (6.42), (6.49), (6.46) and the fact that 
1. y. cr. 2 0. A' 2 1 implies that the k- integral under 

+ / 1 / J 

consideration is infrared convergent. 

The result of Eq. (6.51) is what we have been seeking in 
this section. As seen below, this guarantees the locality of 
W^ [A] . This can be formulated as below: 
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Theorem III : If A' i 1 for each term contributing to 
[A] from the right hand side of Eq. (6.35), then wj [A] is 
local provided the k— integrals involved are ultraviolet 

convergent . 

The proof of the theorem proceeds exactly, verbatim, as 
in chapter V. Hence, it is not reproduced here. [The conditions 
under which the k— integrals are ultraviolet convergent are to be 
discussed in detail in Sec. (6.4)]. Given the result proved in 
theorem III about the locality of [A], theorem II implies that 
[A] has the form of Eq. (6.19). From theorem I, then the 
family structure of anomalies follows, provided Wp[A] = W°[A]. 
The parameter |3 in the family structure depends on B in Eq. (4.19) 
which in turn depends on X, Y, f and g in a complicated manner. 

Now we shall give an argument to show that W [A] = W°[A] . 

P P 

A similar statement has been . proved in a restricted context 

^2 

X = Y = — I in chapter V. This proof essentially is based on an 

argviment uses the machinery already developed in this section. 
From Eq. (6.8) we have 

W [A] = lim <i?(x) g(^Q+^')y 5 f(X^+X')i^(x)> (6.52) 

while from Eqs. (6.14), (6.12) and (6.13) it is seen that 


W°[A] = Urn <ifi(x) f(X)i/>(x)> (6.53) 

^ M — >co 

is obtained from W [A] by setting the contributions from Y' and X' 

P 

parts of operators to zero. We separate this contribution as 
Wp(A] where 
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WpCA] = W°[A] + W^[A] (6.54) 

The treatment of terms contributing to W^[A] is exactly similar to 
that of W^[A] in this section. Consequently a similar argument 
shows that W^CA] is local under similar conditions on f, q., X, Y. 
But W^[A] is a ”pseudoscalar'' function of A of dimension three 

hr 

which does not exist. Hence W^[A] = 0. 

P 

6.4 CONSTRAINTS ON OPERATORS X, Y AND FUNCTIONS f AND q 

In the previous section we presented the essential 
argument that lead to the derivation of the family of anomalies in 
a very general context. In the process of proving the result we 
made a number of assumptions on the opertors X, Y and functions f 
and q that are necessary for the results of the previous section 
to hold. For example it was assumed that the operators and 
functions are such that is a "pseudo vector". It was assumed 
that all the integrals involved in Eq. (6.41) are ultraviolet 
convergent. These do place restrictions on X, Y, f, q. The 
purpose of this section is to explore these "loose ends" in the 
previous section and precisely formulate conditions on X, Y and 
functions f, q that will make the proof of previous section 
completely rigorous. 

A. Constraints on functions f and q 

Our aim is to formulate sufficient conditions for the 
integrals in Eq. (6.41) to be ultraviolet convergent. For this 
purpose, it is useful to characterise operator X by two indices. 

• • 

Referring to Eq. (6.9) let X be a polynomial in ^ of degree 
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Referring to Eq. (6.37), let the maximum number of derivative 
operators amongst all of F.[a,A,aA, . .] by n . i.e. N_ = max{l.}. 
Then X will be characterized by the pair of integers (N. N_) . In 
a similar manner let Y be characterized by (N N ) . 

We now examine the ultraviolet behavior of the integrand 
in Eq. (6.41) . The worst behavior as — > co is of the form 


(p-n+29 + I l.y. + I U 
i ^ -! J 

k J 


(k=)/<9>(k2) 


(6.55) 


Here, tO , 7 are not completely arbitrary but restricted given p 
and q as seen below. We note that contribution of Eq. (6.41) has 
arisen out of [Y]^ [X]*^. X has two contributions as seen from Eq. 
(6.30) : X = Xq + X' . The term of Eq. (6.41) under consideration 

may have arisen out of [X^]^1[X']*^ ^1 type term in the expansion 
of [X]'^. Then evidently, noting the form of X^ from Eq. (6.37), 

^1 + E Ti = q . ( 6 . 56 ) 

In a similar manner and with analogous definitions 

p cr . = p . (6.57) 

j ^ 

The power of k in Eq.(6.55) arising out of [X^J^l type term 

is The maximum power of k in [X^] is k^*^l Hence the maxi- 
mum power of k in [X^l^l type term is k^^l^l"'’^^!^! 

and occurs when a = 0. When a is not zero, this maximum power is 
reduced at least by a. Hence, 



~ a ‘ 
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29 + ^ s 2 + 2 - |S^ - 


Now we wish to put an upper bound on the power of k 
the expression (6.55) in terms of p,q. Consider 


|3 + 20 + I + I o-j - n 

+ 20^N^ - - oc + I l^y. + I I'.a. - 

s + 2^^N^ - 0^+13) - a + (Z yi)N2 +(Z 0'.)N2 

(/3^ ,+ E y^)N + E o'j)N - (a + n) 

s Nq + N p - (o£ + n) , 

where we have set N = max {2N^-1, N 2 } and N = max {2N^ 
have used Eqs. (6.58), (6.56) and (6.57) successively. 

To discuss the ultraviolet behavior of (6.55) 
consider that of (k^) and (k^) . First we note 

X^C-k^l = O(k^^l) as k^ — > « 

Now, if we assume that 

f^*^^(x) = 0(x^^‘^^) as |X| — > 00 

then 

j^q) (}^2) ^ f ^‘^^[XQ(-k^)] = O [k^V] as k^ — > « 


(6.58) 

appearing in 

n 

- n 

(6.59) 

-1, N 2 >, and 

, we need to 
that 

(6.60) 

(6.61) 

(6.62) 


In a similar manner and with analogous definitions 
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(k^) = o [k^V] as k^ — > » . (6.63) 

Thus the expression (6.55) is 

o(k^'^^® + E IjTi + E 1^ .Tj - n + 2N^b + 2H^E j ,^2 

Hence the ultraviolet convergence of the integral in Eg. (6.41) is 
assured if, using Eg. (6.59), 

Ng + Np + 2N^b(g) + 2N^ b(p) < - 4 + (a+n) . (6.64) 

p, g = 0, 1, 2, 

The above is a set of sufficient conditions on the pair of 
functions f and q, given N. N_ N N . 

L f Z ^ X f Z 

The conditions of Eg. (6.64) are not too illuminating as 
they stand being infinite in nvimber. They can, however, be 
simplified under certain restrictive assumptions of f and q. 

Firstly, in view of the fact that nil amd a i 0, Eg. 
(6.64) is satisfied if 

Ng + Np + 2N^ b(g) + 2N^ b(p) < - 3 . (6.65) 

Now suppose we restrict ourselves to the set (still a wide class) 
of functions with 

f(x) = O(x^) and f^‘^^(x) = ©(x^"*^) (6.66) 

g(x) = O(x^) and q^^^ (x) = 0(x^ ^) 

P/ 5 ~ 1/2, 

as |x|->oo and c,d s 0, then 

b(g) = c-g , b(p) = d-p , (6.67) 
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and one has 

2N^C + 2N^d + p(N - 2Nj^) + q(N - 2N^) < -3 (6.68) 

q, p = 0, 1, 2, 

Now we consider two separate cases: 

Case I : N - 2N^ ^ 0, N - 2Nj^ s o (This happens if N 2 ^ 2N^, 

^2 ~ this case Eq. (6.68) is guaranteed for all p,q a 0 

if 

2N^C + 2N^d < - 3 (6.69) 

and thus a single sufficient condition on f and g is formulated. 

Case II : Either N - 2N^ > 0 and/or N-2N^ > 0. (This happens if 
N 2 s 2N^ + 1 and/or N 2 a 2N^ + 1) . In this case Eqs. (6.68) are 
satisfied for all p, q ^ 0 iff 

2N^C + 2Nj^d — > - 00 (6.70) 

which, in view of N N.> 0 requires either c — > - « and/or 
d — > - 00 . Such functions belong to what are called in 

mathematical literature the "Schwarz class". 

(6.71a) 

(6.71b) 

Then c = d = -1. And 


Next we give some examples. 


(i) X = Y 


= ^ 
m2 


Here = 1. N 2 = N 2 = 0, 


Ax+1 Bx+1 


A,B * 0, 
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2N^C + 2N^d = -4 < -3 (6.72) 

SO that Eq. (6.69) is satisfied. 

(ii) f(x) = e~^ . Hence c — » . Thus both Eqs. (6.69) and 
(6.70) are satisfied. Hence <}(X) , X, Y can be anything subject to 
constraints g(0) = 1, d s o , and constraints on X and Y to be 
outlined later. 

The sufficient conditions can be further simplified in 
some simpler cases. 

Case I : f = g X = Y 


Eq. (6.69) reduces to 4N^C < -3 , so that 


C < 



(6.73) 


Case II ; g, = 1 

In this case =0 psl. b(0) =0. In this case the 

discussion proceeds as in the general case except that terms 
depending on cr.,p, N. N_ N simply do not arise. Hence Eq. 
(6.65) simplifies to 


Nq + 2N^ b(q) < -3 

q— 0^ 1/ 2/ •••. 


(6.74) 


under the assumptions of Eq. (6.66), b(q) - c-q. Hence we have 


(N - 2N^)q + 2Nj^c < -3. 


(6.75) 



(6.76) 


If N i 2N_ this requires that 

X / 

C < -3/2N^ 


If N > 2N^, this requires that c — > -oo , i.e. f belongs to the 
"Schwarz class". The case with f = 1 can be dealt with 

symmetrically . 


Finally, we shall make a comment. The condition of Eq. 
(6.65) which we have derived is a sufficient condition and not a 
necessary condition. In some cases, even a weaker condition 
proves sufficient; a useful example is being given now. Consider 


the case g = 1, / = 


= ^ . These functions do not fulfil 
Ml' 


x+1 ' 

the condition of the equation (6.69); (for, here, d = 0, c = -1, 


= 1, N 2 = 0) . Even then, these functions and the operator X 
can be used to regularize the current, this being a Pauli-Villars 
type regularization. This happens because an inspection of Eq. 
(6.41) will show that due to the insufficient number of y matrices 
the case a - 0, n = 1 does not contribute and hence a+n a 2 
always. Also for q = 0 = p, the terms contribute only from n a 3. 
As a result of this, the conditions for convergence are actually 
fulfilled by this choice of functions and operators, even though 
the sufficient conditions of Eq. (6.69) are not fulfilled. 


B. Conditions on operators X and Y 

For technical reasons, we have chosen the operator X 
such that at A = 0, 
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We have expressed [See Eq (6.9a)] 

X = + X'j^a,A,aA j 

2 

X = [ ^ ] + X" [a, A, aA, ] (6.9a) 

where X" vanishes at A = 0. We shall, if necessary, treat gauge 

field A as a perturbation. Hence X" will be treated as a 

perturbation over X^ [ in the sense of their eigenvalues] . X^ is 

heritiitian and has a complete set of eigenfunctions. Eignevalues 

of X are infinitesimally different from these of X . Since the 

o 

regularizing functions f and g are so chosen that they will 

provide damping for high eigenvalues of X they do so for 

o f 

eigenvalues of X which are large (or have a large real part) . A 
complete set of eigenfunctions of X can be constructed 
perturbative ly from those of X^. 

To obtain restrictions of X and Y we note that we need 
the expression for the regularized current of Eq. (6.3) 

= ^(x) g(^) ilf(x) (6.3) 

to be a ''pseudovector”. [See Theorem II and paragraph below it in 
Sec. 6.3]. This is guaranteed if (and probably only if) 

S"^ f(X) S = f(X) 

and 


S"^ = g(^) 


(6.77) 
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[where S is defined as the SO(4) rotation — > S}j/ and ij/ — > . 
As f and q are assumed to be Taylor series in X and Y, Eq.(6.77) is 
guaranteed if 

S ^ XS = X, S ^ YS = Y . (6.78) 

That is, the operators X and Y are SO (4) scalars. X” and Y''can be 
non hermit ian, but scalars. 

We now discuss further, the restrictions we have already 
placed on X and Y , viz . , X and Y are local operators and do not 
contain additional dimensionful parameters. We cannot relax these 
restrictions in a general sense. To see this we give some counter 
examples 

(i) Non-local operators can generate non-local contributions to 
Wj^^[A], so their use will lead to a breakdown of our arguments, 
which are based on the locality of W^^[A]. For example, consider 



Such forms of X are 
contributions to Wj^^[A] 


not allowed; for this generates non-local 
of the form [ ^ 3 -a] A** . 


(ii) X must also not generally contain additional dimensionful 

2 — V a2 


parameters, e.g., the choice X = ^ 

M- ^ 

higher dimension contributions to Wj^[A], e.g., 3. A ^ A 


will generate 


A P (T 


etc. 
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6.5 ANOMALY AND JACOBIAN CONTRIBUTION 

In this section, we wish to generalize the standard 
procedure of Fujikawa for obtaining chiral anomaly via the field 
transformations and the consequent Ward Identities in which a term 
will be interpreted as the regularized jacobian. In Fujikawa's 
treatment which uses the operator the jacobian term is the only 
nontrivial term. In our general treatment there will be 

additional terms which can be interpreted as arising from action 
S[13]. The treatment given here is more general in two senses: 

(i) our choice of operator X for defining path integral measure 
is very general, (ii) Our treatment is well defined at every stage 
and no axihoc. regularization is introduced in an intermediate 
stage; unlike the treatment in chapter II. This is accomplished 
by making use of Ward Identities associated with a modified form 
of infinitesimal chiral transformations. (Note that any 
transforma tion of integration variables leads to some W-T-like 
identity) . The W-T identity in this case has well defined 

regularized terms. In particular, the anomalous jacobian term ~ 

i* • • 

£ arises here in a regularized form automatically (see 

Eqns (6.86) and (6.89) below). 

We proceed as follows. We first derive the required W-T 
identity and then derive the anomaly equation by computing the 
axial-vector current divergence for the current defined in Eq. 
(6.3) by setting X = Y. 
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A. W-T Identities 

We expand the fermion fields xji and ^ in terms of the 
complete set eigenfunction of the hermitian operator X of the kind 
given by Eq. (6.4) : 


X = 


n ^n ^n ' "^n^ ^ ~ ^n ^n^ 


^ = E an 0n ^ ^ 


5 


I . 


We then define 


(6.79) 

(6.80) 


W[A] = J H da n„db„ e 


E K 

n m ^nm 
nm 


s JoaDb e^^^ (6.81) 


«rm ■ J ' »o> *in ’ 


(6.82) 


We now define "modified infinitesimal chiral transformations" with 
x-dependent parameter a(x) by 

rW = E a^ ^^(x) = \jj{x) + ig(X) a(x)y f(X)f^(x) ( 6 . 83 ) 

n 

^'(x) = E b' = ^(x) + i^(x) g( 1 ()a(x)rcj‘(^ ( 6 . 84 ) 

n ^ 


^n J ^^n 

= J (^) + i J^Pn 

= an + i 1 ?)^ <;^(^) oc(x)r^ f(X) £ d^x 


Thus 
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- aji + i ^ J a(x)y5 <p^(x) f(X^) 


a + f c a . 
n ^ nm m ' 
in 


(6.85) 


with 


^nm " ^ J ^5 


In a similar manner one obtains, from Eq. (6.84), 


‘>;. = ‘’n =mn ‘’m ' 


(6.87) 


These transformations lead to the jacobian J(a) : 


Db Da = J(a) Db' Da', 


( 6 . 88 ) 


with [7] 


In J(a) 


2 Z C„„ • 
^ nn 


n 


(6.89) 


The action S[a,b], when expressed in terms of new variables, 
becomes , 


S[a,b] = S'[a',b'] h S [a',b'] + AS [a',b']. 


(6.90) 


with 


AS[a',b'] = - E I I b' a' (C f + C f ) 
p q n P ‘J ^*1 ”*3 P*^ 


(6.91) 


Now equating the two forms of W[A] 


W[A] = J Db Da e 


S[a,b] 


= I Db' Da' [a',b'] + In J(a), 


(6.92) 


leads us to the W-T identity 
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J Db Da ^ ^ { AS [a,b] + In j(a) } = 0 . (6.93) 

From Eqs. (6.89) and (6.91), this becomes 

< \ ' Sn ^nq =nq ^pn > ' = T > = 0, (6.94) 

p q n n 

where 

^ ° ^ "" iFf A] I Db Da e® 0 . (6.95) 

Eq. (6.94) is the regularized version of the chiral W-T identity 
of Eq. (2.20) of chapter II, [because C now contains regulator 
functions 9 (^p) It has been obtained from our "modified 

infinitesimal chiral transformations" of Eqs.(6.83) and (6.84). 

B. Anomaly Equation 

We start from the definition of (x) of Eq. (6.3)* 

setting X = Y. 

J^(x) = ^(x) q(t) Tg /(X) 

= E £ ,(x„) f(x„) «;(x) r rj 0 „(x), (6.96) 

n m 

where and are defined by Eq. (6.79). We then compute 

a" j^(x) = -II B »(x ) f(x^) {,p;(x) rjOil + i«>oHP„(x) 

+ «>J(x) (P„(x)} 

+ 2 im II B »(X^) /(X^) ^'(x) ,5 (l>„(x). 
n m 

(6.97) 
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We have defined the last term in Eq.(6.97) to be +2im W^[A] . 

o p 

Then using Eq. (6.94) in the above equation 
Jd‘*x a(x) o" J^(x) -21in^ (if «“> 

“ ^ S S ^ ‘’n ®in { ^ fpm + Sm ^np> 

+ J d^x ot(x) f(Ajj) m 

+ % (X) [ ^ + ^ (6.98) 

The right-hand side of Eq. (6.98) is the chiral anomaly. 
The first term is the regularized jacobian. The second term is 
the extra contribution which may be interpreted as arising from 
the action [13]. We shall show that when X is of the form X = 
X^[0 /M ], this second term vanishes so that it receives 
contributions only from X - X^ [0 /M ] in the general case. This 
also explains why jacobian term alone is sufficient in the 
Fujikawa's derivation. 

2 2 

To see this consider X of the form, X = X^[l^ /M ] As in 
Eq. (6.79) we expand ip in terms of eigenfunctions of X which can 
be chosen possibly in more than one way. The result for the right 
hand side of Eq. (6.98) cannot depend on the specific choice for 
the set as different choices of bases are related by a unitary 
transformation. In particular eigenfunctions of are also 
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eigenfunctions of form a complete set. Let us choose 

(p^ to be these eigenfunctions of : 

^n = ' 


<Pr. 

o n 




(6.99) 


Now, in this basis 


< b a > = . 5!2_ 

^ n m 1 X' - m • 

n o 


( 6 . 100 ) 


Thus the second term on the right-hand side of Eg. (6.98) 


becomes 


r 2C ^ 

■ ^ + 2 J: f(X ) g(X ) J d'^x a(x)/(x)y (x) (-i)] 

i-npno n “j nju j 


( 6 . 101 ) 

Noting that from Eqs. (6.82) and (6.99) 

fpn - ( - “o) *pn 

and from Eg. (6.86) 

^nn ^ ^ ^5 (6.103) 


the expression (6.101) is seen to vanish proving the result 
mentioned earlier. This shows that the second term contributes 
only when X differs from the form [p /M ] and is responsible 
for the freedom in the family of anomaly equations. 

We have seen in the discussion above that in our general 
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formulation of anomalies, involving derivation of anomaly 
equations which is (a) well-defined at each step and (b) which 
involves use of general bases (which can differ from the 
basis”) , the contribution to the anomaly comes not only from the 
jacobian but from additional terms which can be interpreted as 
coming from the action. 

We present below, an example which shows in a simple way 
that identification of anomaly a prdoni with jacobians is not 
correct. (Such identifications are made by formal derivations 
using unregularized quantities and are therefore suspect) . If on 
the other hand, we deal with regulated quantities, anomaly will 
have contribution other than jacobian. (For example, see Eq. 
(6.107) below). 

Suppose we want the vector anomaly equation in (QED )2 
involving <6^ J^>. 

To derive the equation for <3^ J^>, consider the 
regulated path-integral 


W^[A] = J DW 


Jd^x [i?(i^ - 
e 





2 



2 


(6.104) 



R 2 

Here the regularized action S = /d x 
is clearly not gauge invariant. 




4 




)>P) 


Under gauge transformations we will have 
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- f a(x) -i - 1 a" 11^ ) . as" . 

^ sij/ S\/J ^ ^^fj, J 

Consider the change of integration variables in W^[A] given by the 
local transformations 


= [ 1 + ia(x) ] ^ 

= ^ [ 1 - ia(x) ] . 


(6.105) 


In terms of the new variables we have 


R r _ Inj + + AS^ - i rd^xa(x) ( 8 ^ ||4 

W^[A] = J D\jj' Dip' e ® J 


(6.106) 


Define 




V' ' - i ‘ ^ * ■ 


Equating the two forms of W^[A] given in equations (6.104) and 
(6.106) we get 

Lt rrd^xa(x)<a^J = Lt [in J + <- AS^ >1. (6.107) 

M — >0 LJ M — >co L J 


Clearly there is an extra anomalous term (the last one) which 
would have been missed had limit M — > « been taken initially in 
i.e., if one had used unregularized path-integral, W. [Of 
course, here In J happens to vanish.] 

Even when gauge-covariance is maintained, by making use 
of gauge-covariant operators to define the path integral measure 
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and regularized current, it is not difficult to see that there can 
be contributions from sources other than "jacobian sources”. We 
see this in a simple way as follows. 

In two dimensions, suppose we define our regularized 
currents as 

_ X_ 

T AM 7 , , M^ 

= 0(x) e ^5 ® (6.108a) 

_ _ 2L 

2 ^2 

= iA(x) e ® (6.108b) 

where X = + a a being a free parameter. 

Regularization is covariant. Hence, we expect no anomaly in the 
vector current. Therefore, in the family of anomaly equations 
(see equations (3.18)), we expect the chiral anomaly equation 

with a = 1. As we have seen, the chiral anomaly equation with a=l 

is obtained if X is chosen to be f and in this case chiral 

anomaly is entirely from the jacobian. But in the present case, 
with X = + a there is an additional contribution to 

chiral jacobian proportional to a, as is easily seen. Thus the 
chiral anomaly equation with a=l would be obtained as expected, 
only if there is an additional contribution to chiral anomaly, 
cancelling this extra piece in jacobian contribution, which 
indeed is the case. This example clearly indicates that there is 
an additional contribution to the anomaly which is different from 
the jacobian contribution, even for a gauge covariant 

regularization . 
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6.6 KNOWN REGULARIZATIONS AS SPECIAL CASES 

The purpose of this section is to show that a number of 
known regularizations of triangle diagram are special cases of our 
discussion. In this section we shall consider (1) Fujikawa's 
derivation [7] (2) Family of anomalies derivation of chapter V 

[20] (3) Feynman diagrammatic method with exponential 

regularization (4) A Feynman diagrammatic method with Pauli 
Villars type regularization (5) Proper time method. Various other 
regularization schemes using operators different from ^ fV? and 
operators different for expansion of \l) and ^ have also been used 
[17,26]. Such treatments applied to QED are seen to be special 
cases of this work also. 

(1) Fujikawa's derivation of anomaly 

We set X = ^ = Y , /(X) = e“^ , <^(Y) h 1 . 

m"' 

Here W^[A] = W°[A]. 

Using Eg. (6.15) , 

aV” = 2in„w°“cA) 

2 2 2 2 

- < [f^+im^]yg e”^ <&(x)> - < i5(x)yg e“^ (jj+im^) \^(x)> 

(6.109) 

Consider the last term 

2 2 

- < ^(x)r^ (^+imQ)(^(x) > 

2 2 

= + Jd^y < 5^(x~y) Tr [Tg e ^ (|>+imQ)<^(x) i?(y)]> . 
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Using 


> = - (^& + im^ G(x,y) 

= i 5'^(x-y), 


reduces 

to 




iJA 


Tr [rj 



= i lim 
x->y 

Tr [,5 


5'^(x-y)j . 

(6.110) 


This is precisely what has been evaluated by Fujikawa. The second 
term on the right hand side of (6.109) also reduces to the 
expression (6.110). 

Fujikawa [7] has given a derivation in which his 
operator whose eigenfunctions are chosen for expansion of ^ and ^ 
is 0, but the regularization function f is arbitrary upto certain 
conditions. To see that this derivation is a special case of our 
work, we set X = Y = ^ and g(Y) = 1 in Eg. (6.72). Then in 
Eg. (6.74), = 1, N = 2Nj^-l = 1. Thus we obtain a condition of 
the behavior of f (x) and its derivatives from Eg. (6.74) as 

b(q) < - [ ^ ) (6.111a) 

In fact a closer examination of the derivation of Eg. (6.74) to the 
special case of our operator will show that the condition of 
Eg. (6.111a), while sufficient, is not necessary; but a weaker 
condition. 
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b(q) < - [ ^ 


(6.111b) 


is sufficient. This is so because the terms contributing have 
tt+n — 2 when the y “matrix trace is reguired. to not vanish. 

Eg. (6.111b) is still not the condition necessary in Fujikawa's 
derivation of anomalies. Explanation of this is as follows; 


Fujikawa's regularization, being gauge- invariant must 
lead to an overall gauge-invariant wJJ[A] . This, however, does not 
exempt W^[A] from having individual contributions which are 
gauge-variant and which we are insisting must be regularized, even 
though they may cancel out. In a^wJJ[A] , it turns out that, such 
contributions simply do not arise. Hence a condition weaker than 
Eg. (6.111b) is sufficient, viz.. 


b(q) 



(6.111c) 


Translated in terms of f^^^(k^), this reads that f (k^) falls 
of faster than k ^ as |k| — a closer examination of 
Fujikawa's work [7] would reveal that the conditions of Eq. 
(6.111c) are in fact necessary for his f also. [The conditions 

given by him viz /(«) = f ' (oo) = /''(») = = 0 are necessary 

but not sufficient]. Further, as long as = 0, = 0 and 

one obtains standard chiral anomaly; nomatter what f is (provided 
Eg. (6.111c) is satisfied). We have thus shown that Fujikawa's 
derivation of regularization independence of chiral anomaly is a 
special case of our work. 
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[2] Family of Anomalies derivation of chapter V 

This is easily seen to be a special case of our 
derivation by setting 

X = Y = , f(X) = g(X) = 

with ^+iea^. (6.112) 

[3] Feynman Diagrammatic Method 

The usual Feynman diagrammatic methods involve the 

triangle diagram, which needs to be regularized. This diagram can 

be regularized, in particular , by introducing a factor such as 
2 2 

/M ^ loop momentum k and then letting M — > co. Such a 

regularization (though unconventional) can be looked upon as a 
special case of our results. 

For example we may set in Eq. (6.3) 

i) ^ ^ f(X) = e"^ <? = 1 , 

or ii) Y = ^ = e“^ f = 1 , 

FT 

or iii) X = Y = ^ f(x) = g(x) = e etc. (6.113) 

tr 

We may also alter the functions f(x) and g(x) as long as 
the diagram is regularized. 
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[4] Feynman Diagrammatic method with Pauli-Villars type regulator 

In the triangle diagram, if we replace one of the 
propagators originating from the axial current vertex by replacing 


k 


2 



— > 




(6.114) 


the Feynman diagram is regularized. This is also true if both the 
propagators originating from the axial-vector current vertex are 
similarly regularized. This Pauli-Villars type of regularization 
is obtain as in (6.113) with e~^ replaced by . 


[5] Proper time method 

The expression for the anomaly in proper time method can 
be written as [39] 

2A(x) = lim Y. vl. (x) e”^^ 

s+0 n ^ " 

Analytic continuation in the variable s to complex value s = - 
puts the expression given above in the standard Fujikawa form [7] 
which is a special case of our results. 


[6] Various other regularizations 

In literature ij/ and ip have been expanded in different 
orthonormal bases [17,26]. We have always allowed X and Y to be 
generally different. The operators used in Refs. 17,26 can also 
be seen to be special cases of our treatment [In these works, 
however, attention is paid only to jacobians; in this respect our 
works [13,14,19,20] differ qualitatively from theirs, as has been 
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already emphasized before] . Non hermitian regularizations are 
also included as special cases of our treatment. 


6.7 POINT-SPLITTING REGULARIZATION 

We have dealt, so far, with the regularized axial-vector 
current defined by equation (6.3), with the operators of the type 
given in equation (6.4) and the regularizing functions as 
discussed in section (6.4). In this section we show that the 
point-splitting method can also be included in our treatment with 
the choice of operators (in equation (6.3)) X = Y = e.D^ and 
functions f(X) = g(X) = e"^ . These kind of operators are quite 
unlike the ones we have been discussing in the previous sections, 
so we examine the point-split current, in some detail, from the 
point of view of our treatment. 

The current defined by the point— splitting technique is 

[6,34]: 


W„ = It / iA (X + |) Vg l/'(x - |) exp { -iea 
^ e->0 \ z o . 


f 


x+e / 2 


xJ-e/2 


A^(y)dy“J- y 


It 

M -^00 




tH dz5 (x-z)e 


^. 7 ) -ieaT? .A+0[A] -ieaT) .A+0[A] ^ .3 
^ e r r. e G(x-z) 


(6.115) 


It 

M-y» 



3 • ji - n 

0 is an operator containing terms of 0(e ) and higher, e = , 

( = 1) , the limit e -4 0 (M -^ ») understood as taken after 
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averaging over the directions of (t)^) . 'a' is a real free 

parameter and a — 1 gives the gauge invariant definition of the 
point-split current. 

It may be noted that the point-split current of equation 
(6.115) is of the form of eqn. (6.3) with 



(6.116) 

f(X) = e"^ , 

g(t) = e"^ . 


This choice of X and Y differs from that of Eqs. (6.9) 
in two main aspects: 


(1) There is a lack of manifest lorentz covariance with the 
choice given by Eq. (6.116). (This however is later taken care of 
by averaging over the directions i) before taking the limit M — > 
M.) We will see below that the proof for the family structure of 
anomalies [defined by Eq. (6.6)] that we have given for our 
regularization holds, but for some technical modifications, for 
the point-split current. 

(2) The series of terms in X was finite in Eq. (6.4) but here we 
have an infinite series; It will be easily seen towards the end 
of the section that it is sufficient to consider the finite, 
truncated series 
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If = 6 . 2iL 

a 2M 


(6.117) 


1.6. / W6 show that in the liniit M — > « the choices given by 
eqns. (6.116) and (6.117) are equivalent. 

We would thus be able to show that the point-splitting 
regularization is a special case of our treatment with the choice 
of aperator as in Eq. (6.117). 


To show the family structure for the point— split current 
we follow the steps outlined in section (6.3). We split as 


W 


= W + 
V 




where W° 



Now, has already been evaluated by detailed calculations 
elsewhere [3 4]; and we wish to show this result to be a special 
case of our treatment. As our emphasis in this section is to show 
that the derivation of the family structure in point-splitting 
method can be included in our treatment we shall assume the result 
for a = 1. We have 


aX 


2im^ W° 
o p 


le 


HV 


pMV 


(6.118) 


where W 


It 

M-><» 


^ 

< i?e r 


eX > 


contain W°3 w 
P P 


. a=l 

here also, using the same arguments as those used in section 
(6.3)]. Also since W° is gauge invariant. 


g » ^ . [This equation should 

but, W turns out to be independent of 'a' 
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,4 5 


— 

- 


(6.119) 


Following theorems I and II of section (6.3) we will 
see that the family of anomalies follows if wj is local. (w^ is 
lorentz invariant after "t) averaging”) . This is shown by 
examining the form of a typical contribution to 

v' 

Considering the general nth-order contribution of the 
Green's function (see eqn. (6.24)) in the current given by Eg. 
(6.115), a general contribution to can, upto factors, be 
written as 


Tr 


^1 

Jd zd q^..d e ® e 


rfia-i-*- 


X r 


1 . exp - 2M J 

•''s (■ 5M-°a J-l-jfrjpjg- ^(qj) . .|i(q„) 


X 


m^) 


( 6 . 120 ) 


Our assertion is that, in the above expression, all 
contribution to in the limit M — > » (which are finite in 
number as indicated by equation (6.122) below) , are local. Hence 
itself would be local. 


To do this consider the k-integral in (6.120) and scale 

k — > Mk 


„(4-n) 



+. 


)} V5{exp(-i..D 


+ • 



* ^"*2' F - 


M 


M 
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We imagine expanding (6.121) in powers of g. and m upto 
a sufficiently many but finite number of terms, as was done in 
section (6.3). We must then ensure that the k-integrals for the 
terms in the expansion are well-defined in the UV and IR regions. 
The latter would ensure locality of contributions to W^ (Proof is 
along the lines of Theorem III of sec (6.3)), and hence of 
itself. 

In order to see the Infra-red convergence we look at A„ 

M, 

the M power of a typical term in equation (6.121) after the 
expansion in powers of and m^ is carried out. 

^ 4-n - Rjj - T) , (6.122) 

^^”1 / t V “ 0 / 1 / 2 , ...... 

where are the powers of M coming from the regulator 

exponentials exp ^ + j / the same origin as 

in section (6.3) . 

The overall power of k of this specific term which 
determines the convergence in the IR region is 

= 4-n-7)' = • (6.123) 

Now, we note the following 

(i) For terms that survive in the limit M — > «, Ajj i 0. 

(ii) Tj-T)' 2 = 0, as is easily seen by the inspection of Eg. 


( 6 . 121 ) . 
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(iii) 'a'-dependent terms, i.e., for contributions to 


As a result, we conclude, from Eq. (6.123), that for a 
. . 1 

term contributinq to , Aj^ > 0 and hence, the k ~ inteqrals are 
IR-convergent . 


As far as the UV region is concerned we have verified 
that the integrals that are non-zero (even for finite M) are all 
rendered ultraviolet finite by this regularization. 

Thus, we have shown that contributions to exist in UV 
limit and are indeed seen to be local by an argument in Sec. (6.3). 
Hence is local. 

We now show that for regularization of the axial-vector 
current by point splitting techniques, the choices of regularizing 
aperators given by equations (6.116) and (6.117) are equivalent. 
Denoting the current regularized by the choice given in Eq. 
(6.117), as , we see that 


-w|| - Tr 


d^zs"^ (x-z) e 


-6 2L_ 

a*2M 


K Hrr 

V 5 


A A 

[^*lM • * 

A A 

[^’ Im ' ^*211 ] 


2M’*^a ,, 

X e G(x-z) 


] 


(6.124) 


It is easy to see that in the limit M — > «, none of the terms on 
RHS contribute. In the above equation, never contributes due 
to there being insufficient number of r matrices for the trace. 
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The next term in the expansion of G, is order (1/M^) or worse 

[see equation (6.121)]. Terms in curly brackets are also of order 

(1/M ) or worse. The contribution possibly survivinq in the It M 

_> 00 could comes only from the o (1/M^) term in G . This 

contribution is vanishing since tr )L ^ ^ = o. g^ etc. are of 

3 

order (1/M )or worse and will give vanishing contributions in the 
limit M > oo. This shows that the choices given by equations 
(6.116) and (6.117) are really equivalent. 

6.8 CONCLUSIONS 

We have given in this chapter, a very general 
formulation of anomalies and their family structure in QED in 
path-integral formulation, which is based on the definition of 
axial-vector current regularized in a very general manner. We 
have shown how anomaly derivations in QED can be carried out with 
a very general definition of path-integral. We have also seen 
that particular choices of the operators X, Y and functions f and 
q. in the definition of the regularized current lead to anomaly 
derivations which are equivalent to the other known derivations of 
anomalies like those based on Feynman diagrammatic calculations, 
point-splitting techniques, proper time methods, Fujikawa's 
derivations using "Energy operators" etc. 

This work also has significance purely from a 
regularization and renormalization point of view. General 

field-dependent regulators of the kind first introduced by 
Fujikawa in his derivation of chiral anomaly in path-integral 
formulation, and which are known to have some novel features 
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[52,53], have been studied rigorously and in mathematical detail 
with the example of anomalies in QED. Using such field dependent 
regularizations within the path- integral framework (i.e., by using 
very general field dependent operators to define the path integral 
and associated ill-defined quantities), we have seen how the 
ambiguities in anomaly formulations (which manifest as 
arbitrariness in anomaly expressions) are related to the 

arbitrariness in the definition of the path— integral. In fact, we 
will see in the last chapter of the thesis that not only 
ambiguities in anomalies, but general renormalization prescription 
ambiguities can be accounted for by the Inherent ambiguity in the 
definition of the path- integral. (This ambiguity in the 
definition is due to the arbitrariness in the choice of basis in 
which the fermionic fields are expanded) . This will be done by 
discussing the renormalization of fermionic bilinear composite 
operators in the context of Yukawa type theory at one-loop level [27] 
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CHAPTER - VII 

COVARIANT AND CONSISTENT ANOMALIES IN TWO DIMENSIONS 
IN PATH- INTEGRAL FORMULATION 


7.1 INTRODUCTION 

Our focus so far has been on the chiral and vector 
anomalies in QED. We have given a derivation of this family of 
anomalies in the path-integral formulation. In doing so we also 
saw the relation between the arbitrariness in anomaly expressions 
and the arbitrariness in the definition of the fermionic 
path-integral. Another example of ambiguities in anomaly, 
formulations is provided by the 'consistent' and 'covariant' 
anomalies associated with gauge currents in non-abelian gauge 
theories. Non-abelian anomalies have been studied extensively 

[21,24-26,41-49]. The anomaly (in the gauge source current) is 
usually defined as the gauge variation of the connected vacuum 
functional in the presence of external gauge fields, and its 
presence signals the breakdown of gauge invariance of the vacuum 
functional. The anomaly so defined [21], (the 'consistent' 
anomaly) , is subject to certain consistency conditions, the 
Wess-Zumino consistency conditions [24] which put restrictions on 
its functional form. The associated current is the 'consistent' 
current. For the non-singlet, non-abelian chiral anomaly the 
consistency conditions restrict the anomaly from having a 
covariant expression. On the other hand, the non-singlet anomaly 
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rosy bs obtain©d via a rs^ulanzation that is c^aucfe covariant. 
Then the anomaly is the 'covariant' anomaly having a covariant 
form, and the associated current is called the 'covariant' 
current. Bardeen and Zumino [21] have shown that these two 
currents are related to each other by addition of a local 
polynomial in gauge fields. 

The covariant and consistent currents have been 
discussed a great deal [9,23,25,26,45-49] within Fujikawa's 
path-integral formulation. As has been said before, in this 
formulation anomalies are shown to arise from the jacobian for the 
Fermion measure under appropriate local transformations^. The 
works using Fujikawa technique generally attempt to find an 
appropriate regularization for such jacobian contributions that 
will reproduce the required forms for anomalies. 

The previous works on covariant and consistent anomalies 
in non abelian chiral gauge theories are somewhat unsatisfactory 
on two counts. Firstly, these attempts seem to us quite 
artificial, in that available possible regularizations of 
jacobians are played with until one that reproduces the known 
result is arrived at. More importantly, they all assume Fujikawa 
identification, arrived at with an unregularized (therefore 
suspect) argument that anomaly is entirely from jacobian. These 
arguments have been made more rigorous but only for certain 
special covariant regularizations [48]. As has been emphasized 


See however. 


the point emphasized in the next paragraph, below. 
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(iii) Operator chosen to regularize, is hermitian. (iv) We 
take into account the contribution to anomaly other than that from 
jacobian when regularization using operators other than 9 or its 
powers is used unlike previous works. Consequently (v) Same 
operator is used in determining the bases to expand both i//^ and ij/^ , 
and also to regularize expressions for currents, unlike Ref. 25, 
26. (vi) While one can always obtain a consistent current by 
adding local terms to covariant current, such consistent current 
is not classically conserved [21,26]. Our currents for all 'a' 
are classically conserved. 

In section (7.2) we define our theory, and give the 
consistency condition. In section (7.3), we write down the most 
general local family of anomaly equation satisfied by a chiral 
current in our theory, and give a regularization for the current 
that reproduces this family. In section (7.4) we prove our 
results for this family structure. We note that special choices 
of the free parameter yield covariant and consistent currents. In 
section (7.5) we give another, and indirect proof that the 
consistent current we have formed is indeed so. We rely on our 
previous works [13, 20] for the abelian case to obtain 
corresponding results here. In section (7.6) we make some 
concluding remarks related to our results, and some of the other 
works [25,26]. 

7.2 PRELIMINARY 

We work in 2 -dimensional Euclidean chiral gauge theory 


given by the action 
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S = J d^x (i^ - ^) = J d^x p r^ iH^. (7.1) 


Our convention for Dirac matrices is as given below. 


(H = 1/4) are antihermitian Dirac matrices. 
= (-1,-1). The y-matrices satisfy 


The metric 


Ll V 


uv ^ av 


rr = qr ^ e^- , 


(7.2) 


with and = -i. y^ = iy^y^ is hermitian with 

D 

y^ = 1. y^^ s i (1 - y^) . \Jj^ are left-handed chiral spinors. 


5 

And 


\ 2 \ 


(7.3) 


X 

are hermitian gauge field matrices, being a representation of 

the simple gauge group G satisfying Lie-algebra 

^ ^ , (7.4) 

^abc fdbc ' ■*ad 

The above theory has a classically conserved current 


J 


a cl 
4 






(7.5) 


The consistent anomaly satisfies an algebraic condition, viz. 
the Wess-Zumino consistency condition [24]. Let the anomaly be 
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defined by 


. 


(7.6) 


We define 


A = A 


a X 


^ are infinitesimal parameters of gauge transformation. We 

define 


• I A®(x) D 


f -4— • 


(7.7) 


Then the consistency condition reads [21] 

J d^x ( A'^ - A^ G^) = J d^x [A, A']^ G^ . (7.8) 

The derivation of this condition in Ref. 21 also makes it clear 
that if is derivable from a generating functional W[A] , i.e.. 




5W[A] 

SA^Cx) 


(7.9) 


then the above condition is automatically satisfied. 

The consistent anomaly in the context of the present 
model is known to be of the form [21] 




c 3 ^ A^ 


(7.10) 


7.3 GENERAL ANOMALY EQUATION AND REGULARIZED CURRENTS 

In this section, we shall give the most general local anoma 
equation possible for a chiral current and then we shall gi 
definition of regularized currents that will reproduce this equati 
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(as shown in the next section) . These definitions are of the same ki 
that have been used in our earlier works [14,19,20,22]. 


A. liost general anomaly equation 


Let J^(x) be the covariant current. It satisfies the anomaly 
equation 


J^(x) 


c , 

UV ' 


(7.11) 


where for our model c = - The right-hand side of Eq. (7.11) 

is the covariant anomaly. 

One can define a series of local currents J^(x) which 
differ from the covariant current J^(x) by finite local terms in 
gauge fields. The local modifications of that preserve the 
global gauge invariance and Lorentz invariance are only of two 
kinds taking into account the dimension of , viz . , 

J^(x) = J^(x) + c [ e A^(x) + 7/ ej; aJ(x) ]. (7.12) 


The second term can be put as has no definite parity property. 


As a result, the most general local anomaly equation is 


J^(x) 


= c 


{ 


MV 


MV 


+ e a.A“ + TJ e 


MV 


- 


A^ a: 


“]} 


(7.13) 


and, thus, is a two parameter equation. The consistent anomaly 
equation for the consistent current J^(x) is generally defined by 


[21] 
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J^(X) 


C a A® 

fJL V • 


(7.14) 


but the consistency condition of Eq. (7.8) 
define a consistent current as 

+ ceA2(x), 


leaves the freedom to 


(7.15) 


as the last term in Eq. (7.15) can be derived from a local 
addition, W^[A], to the generating functional W[A], from which 
consistent current J^^(x) is defined via Eg. (7.9) where 

WfCA] = I ec J d^x aJ A^*", (7.16) 

so that 

ja^x) = r W[A] + W [A] 1 (7.17) 

^ 5A"(X) L 1 J 

is also a consistent current, as seen in section (7.2). [Note, 
however, that the last term in Eq. (7.12) cannot be derived in a 
similar manner and hence cannot be treated as an ambiguity in 
J^(x)]. This consistent current satisfies the anomaly equation 


j2(x) 


cie*^*' a.. A^ + c a.A^ 


4 V 


(7.18) 


In this work, we are interested in a chiral current. We 
define a current in two dimension to be left chiral if 


( - c"*' ) = 0 . 


(7.19) 


T Xa. 


Our unregularized current satisfies this 
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condition. Now this condition rpc=i->.i-^4.c, * 

restricts the freedom in Eq. ( 7 . 12 ) 

because 






0 



)+7)(C 




requiring tj e* As a result, for a left chiral current, the 
most general local anomaly equation is, from Eq. (7.13), 


0^“ J^(x) = o[c»“' + c ja.A^ + ^abo } ] 

(7.20) 

We note that given above satisfies the consistent current 

divergence equation (7.18) for ^ = -1. 


B. General definition of regularized current 

Our aim in this work is to give definition of 
regularized chiral current such that its divergence produces the 
one-parameter family of Eg. (7.20), and in particular obtain the 
consistent and covariant currents as special cases. 

To this end, we shall find it sufficient to consider the 
one parameter family of operators ^ + ia as was done in 
Ref. [14], and analogously define 


Evidently for a = 1, we obtain the covariant current. For 
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J^“(x) - i5^(x) exp 1^- L j ^ exp [" ^ ] (7.22) 

is a covariant vector under vector gauge transformations . We ■ 
shall show in the next section that for an arbitrary a we 
reproduce the family equation (7.20) with 

and for a = 0 we obtain the consistent current satisfying Eq. 
(7.18) . 

7.4 FAMILY EQUATION AND CONSISTENT CURRENT 

In this section we shall derive the family equation 
(7.20) and in particular the consistent anomaly equation (7.18) 
(for ^ = -1) . We shall follow the method given in chapter V [20] . 

We define 


fCA] 

^ V 

> 


[A3 

= lim 

M-*oo 


(7.23) 

o 

1 — 1 

> 

= [A] 

a=l 

(7.24) 


= wA°[A] 

+ wJ^[A] 

(7.25) 


The proof of the family equation (7.20) proceeds by proving the 
following results whose proofs are indicated later. 
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Theorem I : [A] satisfies the covariant current divergence 


equation = c 

V ULV 


(7.26) 


Theorem II : [A] is a local polynomial in A^ of dimension one. 

M / 


Theorem III: = 0. 


(7.27) 


From theorems II and III it follows that 


<^tA] 


c^ [A^ + e “ A^ ] 
. i' V oc ^ 


(7.28) 


Theorem IV : c = - 


e = - (1-a) . 


(7.29) 


Theorem V : W^[A] satisfies the family equation (7.20): 


D^'W^CA] = c ^ - (1-a) |a.A 


A^ 




S}] 


(7.30) 


The proofs of these theorems are as follows. 


Proof of Theorem I : We observe that 


jV® [A] e’^ /”(|-) /V>+<^Te"^ ^j> 


t 2 .„2 X . 


.2 ,„2 


L' 


^2 't'l 


(7.31) 


Using < #(x)^(z) >rj^ s rLG(x,z)rj 


— G {Xf z) Tf^ — T jjG (X/Z), (7«32) 
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(where G(x,z) is defined by 5 Jg(x,2) = 

in Eq. (7.31), and observing that ^ 
we have 

,.abc,vbj^co m rr,2 
a - f A = -Tr jd'^z G(x-z) 

+Trrrd^z 5^(x-z) 


-i5(x-z)) 


^ f _ ^abc^ACj 



G(x-Z)] 


which gives 


(7.33) 


aX°- 


^abc^pb„co , 


(7.34) 


The RHS of Eq. (7.34) is exactly of the form of regularized 
"chiral jacobian" evaluated by Fujikawa [7] and it is easily seen 
that such a term will be of the form 

nv 


Proof of Theorem II: Proceeds exactly as in chapter V [20], done 
there for the abelian case. 

Proof of Theorem III: Our regularization preserves the chiral 

condition (7.19). Hence 


Take limit M > «. Eq. (7.27) then holds. 

Proof of Theorem IV : We compare this case with the corresponding 
abelian case dealt with in chapters II and III [13,14]. For 
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massless case the results of chapters II and III (see Eqs. (2.51), 
(2.52) or Eqs. (3.18)) read 


4 


3 ^ < > 


27T ji 


£"■'3 A 
271 p. V 


(7.36) 


Hence = | (jJ[ " J^) will satisfy 


<J > = 
U 


2S ^ («-A - 


(7.37) 


Comparing this equation with the equation (7.26) for a=l and 
specific group index, the corresponding non-abelian analogue 
becomes 

= 2c , 

where we have noted the replacement 1 — > ^dbc ^ ^ad 

non abelian case in the only contributing term. Thus, we obtain 

1 

° “ ■ 471 • 

We further obtain, 

= a"' [W^° + W^^] 

= ii ^ ^ v" }] • 

Comparing this with Eq. (7.37) we obtain 
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C (la). (7.39) 

Substituting these values of c and the proof of theorem V 
follows in the same way as on obtains Eq. (7.13) from Eq. (7.12) 
and one gets 


d''w®[A] 


—( 

471 


/iV 


- (1-a) 


a. A 






5 ]}- 


(7.40) 


In particular for a — 0, one obtains the left chiral consistent 
current divergence equation 





A^ 



(7.41) 


7.5 DIRECT PROOF FOR THE EXPRESSION OF CONSISTENT CURRENT 

In this section, we shall give a direct proof that the 
regularized current of Eq. (7.21) with a = 0 viz, 




[-?] 


2- Wl 


1 -$} 


lA^Cx), (7.42) 


is a consistent current. As seen in Sec. (7.2), any current J' 
derivable from a generating functional W[A] via 

<^> = - 

s A® (X) 

satisfies the consisting condition of Eq. (7.8). 

To do this we consider 


* 2 
z"[A]=jD<ij^Djj^ expj “P[- ^ '[Pi, “P [- ^ ] I>l] 


3 exp S^ 


(7.43) 
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« 5Z^[A] 

5 A^CX] 


- ^ 

®^p 

Writing W^[A] = In Z^[A] , we have 


a w»rAi ^ 

« Jd^dJ e® '' 


Comparing the expression of Eq. (7.44) with of Eq. 

V con 

(7.23) obtained by setting a = 0, 



[A] 


con 


Ha ^ °° 


(7.45) 


which differs from that of the right-hand side of Eq. (7.44) only 
in that the regularized action is replaced by unregularized 
action S. However, as shown below, this does not affect the 
expression for the anomaly. 

Firstly, we note that the only term in the expansion of 

right-hand side of Eq. (7.45) in powers of A, for which 

regularization matters at all, is that involving its first 

5 W ^ 

derivative with respect to A, viz g . It is easily seen that 

5 A^(y) 

in the expression that contributes to this term (which is just a 
regularized Feynman diagram, because our regulator is field 
independent here) each Green's function in momentum space becomes 

replaced by 


1 

k ® 



from 
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as one goes from expression (7.44) to expression (7.45). But as 
this term is finite, its limit as M — > » is independent of this 
change M — ».M/v^ . Hence 



[A] 


con 


S W (Al 
5 A^(x) 


(7.46) 


proving that the case a — o, does yield a consistent current. 


7-6 CONCLUDING REMARKS 

We notice that the covariant divergence of the general 
chiral current defined in Eg. (7.21) can be written as 







K> 





2 ^R 



- (1-a) 


f 


abc. V’b-.cM 
A W^^ 


(7.47) 


Noticing that p = - i(l-a)^ and that 0 e ^ = e 0 . and 

Cl Ot IX 

using Eg. (7.32) , 

Eg. (7.47) can be seen to be of the form 


~ Trjdz S^(x-z) 




(x-z) 


+ (1-a) 


terms 


(7.48) 

The first term on the right-hand side of Eg. (7.48) is a "chiral 
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jacobian” term already dealt with in section (7.4) for a = l (see 
Eq. ("7.34) ) . This term evaluated in the limit M— > « would give an 
answer obtained by replacing A by aA in . We notice two 

things from the equations above. 

1. The ot — 1 case, which gives the covariant current divergence in 
Eq. (7.48) has the anomaly coming entirely from jacobian term. 

2. When oc = 0 , Eq. (7.48) gives the consistent current divergence 
and the anomaly contribution comes entirely from the (1-a) 
terms. Such terms can be interpreted, in the path— integral 
formulation as coming from the action, if we follow the algebra 
of chapter II [13] for computing the current divergence. The 
jacobian term being necessarily proportional to a, gives no 
contribution in this case. 

This discussion highlights the statements we made in 
section (7.1), viz., that the anomaly should not be associated, a 
priori, with jacobian factors. Such an identification, made by 
formal derivations, is suspect. When this is done, the results 
for the consistent and covariant anomaly are obtained in a very 
unsatisfactory way, in that all kinds of regularizations and 
regularizing operators (for regularizing the jacobians) are played 
around with till the desired results are obtained. In Ref. 26 for 
example the consistent anomaly is derived by regularizing 
separately the jacobians associated with measure and in 

terms of different and rather unusual non— covariant combinations 
(as the authors themselves concede) of non hermitian 'Weyl 
operators'. Ref. 25 employs a covariant regularization using 
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combinations of similar Weyl operators to derive the covariant 
form of the anomaly. m contrast, the path-integral prescription 
of ours is very straightforward. As shown below, we expand and 
\ii^ in bases of same operator Definition of the integration 

measure and the regularization is in terms of the hermitian . 
The covariant and consistent currents are obtained as special 
cases of a single regularized current. 

! the path— integral prescription which has so 
far only been implied, is as follows. 

The fermionic fields are expanded in terms of the basis 
of hermitian operator 0 . The eigenvalue equation for 0 is 

K ^n = \^n ' (7.49) 


Define a chiral orthonormal basis [8] 

T 1 - 


0 


n 


^ <P 

V2 ” 

1 - y= 


^n 


X > 0 
n 


X = 0 
n 


<P 


R 


n 


1 + Tj 

1 + y- 


0 


n 


<t> 


n 


Xn > 0 


X = 0 
n 


0 = 0^ = X 2 ^ . 

n 


^2iR 


(7.50) 


(7.51) 
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The fields and are expanded as 




E a ^ (X) 

Xn^ 0 


0L = E b ^ (X) 
^ X a 0 " 

n 


The path-integral measure is defined as 


n db n da„ 
m n 


The following orthonormality relations are assumed 


r - 2 I L*t* . L « r A /A ^ 

Jd X - J *n 


The chiral current of Eq. (7.21) is 


(X) 


= E 

P/q 


b a X (x) , 

p q pqi' 


P/ q 


where 


a Rt a ^ L, , -Xp^/M^ -Xq^/M^ 


The Green's function is carefully defined by summing 


(7.52a) 


(7.52b) 


(7.53) 


(7.54) 


(7.55) 

over the 


non-zero eigen modes of il^^ [50]. 
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^CHAPTER VIII 

AM INTESPRETATION OF RENORMALIZATION PRESCRIPTION AMBIGUITIES 

IN PATH- INTEGRAL FORMULATION 


8 . 1 INTRODUCTION 

A common feature of all Quantum Field Theories (QFTs) 
which have been phenomenologically successful is that they are 
renormalizable. Renormal iz ability is a very desirable feature to 
have in a QFT, for it gives the theory immense predictive power. 
QFT are unavoidably plagued with ultraviolet divergences in the 
calculation of physically observable quantities [18,38,51] and 
therefore to yield physically meaningful results, it is desirable 
that they be renormalizable. In a renormalizable QFT, the generic 
divergences reside in a finite number of primitive proper 
vertices. The renormalization procedure defines by hand these 
vertices to have given finite values, and shows then that all 
physical observables are thereby rendered finite. Renormalization 
procedure can also be understood as subtraction of infinities. 
When an infinity is subtracted from an infinity the remaining 
finite part becomes, ambiguous. Thus the finite parts of proper 
vertices that have divergences are ambiguous. These ambiguities 
are noirmally looked upon as a consequence of the arbitrariness in 
regularization and subtraction procedure and are not associated 
with a '•meaning”. These ambiguities, of course, cannot have a 
"physical meaning” because they have no observable consequences in 
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renontializable theories. The aim of the work in this chapter is 
to give a possible significance to these renormalization 
ambiguities in the path-integral formulation [27]. 

We have already, this far in the thesis, had an 
understanding of ambiguities in anomaly formulations within the 
path-integral formulation. The ambiguities in anomalies is a 
result of the (potential) divergences or ill-defined nature of 
certain quantities (triangle-diagram, anomalous jacobian etc) 
which calls for regularization and renormalization. The 
ambiguities manifest as arbitrariness in the expressions for 
anomalies. There are many examples of this. We have already 
discussed some of these. For example, we discussed the family 
structure of anomalies in (QED )2 4 * lu non-abelian gauge 
theories, anomalies in currents can be covariant, consistent (or 
neither) [9,21,23]. Working in a path- integral framework 
inspired by that of Fujikawa [7] we have explained these 
ambiguities by using operators other than Fujikawa's "Energy 
Operators" to define the path-integral [13,14,19,20,22,23]. We 
have shown that these ambiguities can be seen to arise from the 
arbitrariness in the definition of the path- integral. From a 
general view-point, the path-integral measure could be defined in 
terms of atuj. complete set of eigenfunctions anyhow. 

The aim of the present work is to explore whether all 
the renormalization ambiguities (and not just the ones associated 
with anomalies) can be understood as arising entirely from 
arbitrariness in the definition of the path-integral. We do this 
by considering the renormalization of bilinear composite operators 
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in path-integral framework, in the context of Yukawa theory. We 
choose this theory to avoid questions of gauge invariance (which 
are irrelevant to the issue anyway) . Our treatment is limited to 
one loop (as are practically all works using Fujikawa's 
path-integral formulation [52]). 

In section (8.2) we give definition of a regularized and 
renormalized fermionic bilinear composite operator, <0^, in our 
path— integral framework. In section (8.3) , with the help of two 
simple operators, a scalar operator and a vector operator, we 
illustrate our point, that all ambiguities in <0^ can be 
correlated with the arbitrariness in the choice of basis in the 
definition of the path— integral and can be interpreted as arising 
from it. In section (8.4) the results of the previous section are 
made more rigorous by considering renormalization of an arbitrary 
fermionic bilinear operator. In section (8.5) we give 
conclusions. 

8 . 2 PRELIMINARIES 

We shall work in the context of Yukawa theory with Euclidean 
action^ 


Our focus in this article is on renormalization; so we directly 
consider Euclidean action given below. This action transformed to 
Minkowski space may lack Hermiticity, CP and T invaria'nce, but we 
have ignored it because it is irrelevant to the issue. These can 
be corrected at the cost of slightly complicated calculation. 
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S JdxiS +igili ^ <p 4/ ] (8.1) 

s J d'^x IJf (iO - m^) . 

Here (p is treated as an external, real, scalar field. The 
generating function of one fermion loop diagrams with external 
scalar lines is defined by 

W[0]= e®. (8.2) 

To define the fermion measure we must choose an operator X[^] 
which has a complete set of eigenfunctions . We could choose X[^] to 
be a Hermitian operator having a complete set of eigenfunctions. 
Or we could [22] write 

X[«A]= X^+ X^[0] , (8.3) 

where X^ is an hermitian operator independent of 0 having a 
complete set of eigenfunctions, and X^[0] vanishes at 0=0. One can 
then treat X^[0] as a perturbation on X^, and can construct a 
pertubative complete set of eigenfunctions of X[0] (not necessarily 
mutually orthogonal) . 

We then write 

X[0 ] , (8.4) 

and 

4fix) ^ I ^^^(x) . (8.5) 

While we could expand [22] 0 in terms of eigenfunctions of 
another operator Y[0] ,we choose not to do so in the present work 
as it is not necessary, and expand 

0(x) = E 


( 8 . 6 ) 
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and define 

= 17 da„ n db 
n m 


(8.7) 


Let us consider the problem of obtaining the one-loop 
expectation value of a fermion bilinear operator 0 = ^ F[3/0(x)] if/ 
where F contains derivative operators, ^(x) and derivatives of 
0.We understand this operator as 


0= I Z b F^„(x), 
t; „ m n mn' ' ' 
n m 

with 

^mn^^^=^m^^^ ^ [a,0(x)] ;tj,(x) 


( 8 . 8 ) 


(8.9) 


We shall then define, in a natural way, 

z I S{\) 9(X ), (8.10) 

n in 

where f and g are certain regularizing functions with f(0)=g(0)=l 
and derivatives of / and q, at A-xo are constrained to vanish 
sufficiently rapidly [22]. 

Then , we have 

TT TT O^®^[a,b,0] e® 

51 , ( 8 . 11 ) 

nd^njldb^ 

J n m 

with S as 



S ^ I E b, 


n m 


m 


(iD - m^)„„ a_ 
' o mn n 


( 8 . 12 ) 
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" “o^mn ^ * 

Then using 

< h a ={(iD-m)^} sG , fa. 13) 

\^ m n ^ o^ ^nm nm ' lo.ij; 

we obtain 

<( )>^‘ I I ■'»«(>=> f<*n) V • (S-IO) 

o 

Expressed back in coordinate space this reads 

^ ^Reg^^= Tr | d'^z 5^(x-z) q (§)F[a,^] f(X) G(x,z), (8.15) 

with G(x,z) the Fermion propagator in presence of (p field. 

Generally will depend on the regularizing mass 

parameter M. When expanded in powers of M, it may contain 
divergences having positive powers of M. We define renormalized 
operator <0^> by simply subtracting these. (Note that ambiguities 
inherent in these subtractions do not generally account for all 
renormalization ambiguities. See, for instance, the two examples 
discussed in the next section) . What we wish to show in the next 


^The relevant algebra is analogous to that found in chapter II 
[13]. One may also imagine obtaining it directly from the 
dependent form for O, using G(x,y) = <(^'(x) |^'(y)> in Eg. (8.15) and 
working backwards to Eg. (8.14). 
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two sections is that having adopted this convention, once and for 
all, for defining <o’'>, all the ambiguities in <0^ can be 
correlated, at one-loop level, with the arbitrariness in the 
choice of basis for defining the path-integral. 

8.3 SIMPLE EXAMPLES 

In this section we shall illustrate the point we wish to 
make in this chapter with the help of two examples, one a scalar 
operator and one a vector operator; The second operator, in 
addition, happens to be a finite operator so that the discussion 
in this case is completely independent of the question of 

subtraction of divergences. 

. 3 

Consider the operator 

_ 5S 

^ — = ^(x) (iD - m„) (8.16) 


3 . . . . 

In the dimensional regularization treatment, the expectation 

value of the equation of motion operator <iji SS/S\ji>^ is zero when 

there are no external fermion sources [54]. Actually, as this 

operator contains pieces which are potentially divergent, setting 

this to zero is a particular way of renormalizing it. (For 

example, consider equation (8.20) below. Here is 

formally ~ 5 (0) , which is zero in dimensional regularization 

[55] . However, when evaluated by Fujikawa method using field 

dependent regulators, it acquires different, non zero values, as 

seen in the evaluation of (8.20)). In Fujikawa's treatment, 

equation of motion operators acquire different values, and 

anomalies in his treatment are dependent on these [52,53]. 
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AS 0[ili,ii/,<p} is a dimension four operator, in evaluating < 0 [(/y,^,(^ 3 > 
in one loop approximation, primitive divergences will arise in a 
proper vertex with four or less <p lines. As a result with any 
suitable regularization and renormalization scheme, <0^>will be 
ambiguous as indicated below. Let <0^>and <0^>represent <0^> 

renormalized according to two different regularization and 
subtraction schemes. Then, 




<P 


a^ +b(^ +C(^^+d0 9^(^+e 


d^<l> 


+ f 




= X^[^;a,b, ,f] (8.17) 

where a,b, ,f are finite constants of appropriate dimensions. 

The question we are raising is whether we can understand 
completely the ambiguities in Eg. (8.17), completely as the 
arbitrariness available in the operator X used to define D^.We 
shall give a simple way to see that this is so. (There may be other 
constructions of X) . 

In Eq. (8.15) we set 

F[3,0] = (iD - m^) . (8.18) 

Choose f = 1 and use 

(iD^- IHq) G(x,z) = 5'^(x-z) (8.19) 

to obtain that in the present case 

Trjd'^z 5^(x-z) 9jj(^) 5'^(x-z) 

= Tr[ S^(x-z)q^(f( )]x=z * (8.20) 
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suppose we first choose x= 6 and , a function satisfying Fujikawa 

conditions. Then calling the operator so regularized, ,we 

Reg ^ ^ 

find that <0 ^ has a divergence of the form of (aM^ + /3M^0^) ; 

so that 

- a = finite s < 02 >^ ( 8 . 21 ) 

This ,for us, defines a "standard" renormalization for <0>.We want 
to show that there is a choice of X in eg. (8.20) which will then 
reproduce all the ambiguities in Eg. (8. 17) .We show this by 
explicit construction. Let (with ^ to be determined) 

X = Xq+ e = 5"^+ e X^[^; a,b, — ,f] . (8.22) 

and 5(x) ,a suitable rapidly decreasing function (as x-> m) . 

We consider 


= Tr [ 5^(x-z) 5 (^C/m'^)] | _ . 

This is easily cast in the form (following Ref. 7) 
-Reg 


(8.23) 


4 > 


Tr 

d'^k 1. 5 

■ (5 + ii^)^ + e wi] 

> 

(27r)^ 

J 


Imagine setting ^ = 0 in the above express ion. Then the finite part 

of right-hand side is independent of the function 9 (provided 

Fujikawa conditions are satisfied) .The proof proceeds as in 

4 2 2 R 

Ref. 7 . The divergent part is of the form a'M + <p . Thus 
reduces to that with the regulator X = D.ie, 
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(8.25) 


We want to know , now, the contribution to the right hand side of 
Eg. (8.24) due to the presence of X^. Carrying out the scaling 
k^Mk,and d'^k-^ M'^d'^k as usual and noting the presence of l/n'^ 
before X^[<^],it is easily seen that contribution to Eg. (8.24) due 
to the presence of X^ is solely, 

(8.26) 


where the prime as usual indicates differentiation with respect to 
argument.lt is easily seen that 


2n^ ~ ~ 

Y= e [g (oo)- g ( 0 )] X [ 0 ] 

(2n)^ ^ 


X [0] H X [0]= finite , 

( 271 )^ 

with a proper numerical choice of Thus 


(8.27) 



<°" >/ 


= finite , 


(8.28) 


which is precisely the eguation (8.17). This proves our 
assertion. (Finally, we note that while has a divergence 
the ambiguity resulting from this divergence does not account for 
all the renormalization ambiguities given in Eg. (8.17)). 


So far, we have given a particularly simple example in 
which construction of X was very straightforward. The simplicity of 
the example arose from the specific choice of F[3,0] = (iD - m^) 
and from (iD - m^)G(x,z)= 5^(x,z) .Also helpful was the Lorentz 
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scalar nature of O.We shall now demonstrate our assertion in a 
somewhat complicated example of the Lorentz vector 0 = Iji y \jf 
In this case , 



d'^z 5^(x-z) 


f(X) G(x,z) 


(8.29) 


Let X be the dimension two operator'* 


X - 6 ^+(X<p^+^y^d^<p. We also choose ^ = 1 and f(x) = 


X 


exp [ j ] 


(8.30) 


One then has 


= Tr- exp[-x/M^] G(x,z) ► 


x=z 


Tr 


^ r d'^k 


1 

^ J (2Tr)^ 

r J 

_ 


+ contributions from higher order terms in G. 


(8.31) 


After scaling k-4 Mk,one has 


^In Eg. (8.30) we could parameterize X to bring out powers of q 
and hermit icity properties by replacing a s g a' and ^ = i^'g. We 
could also choose to preserve charge conjugation property by 
taking inEq. (8.29) g = f = exp(-X/M^). When this is done we 
find is real in Minkowski theory if a', and (ig) are 
regarded as real. Note that if (ig) is real, the Minkowski action 
is hermitian. 
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0 ^®^ = Tr 


fi 


d^k k^ 
j e exp 

(271)^ 


[- 


M 


1 / (-f-mJK) 


+2ig^(t) 

D^+a<t>^+^^<p] : 

[ 

2 -> 

+ 

(8.32) 

at a=^=0 , 

i . e with 


Fujikawa's usual regulator 

oR|9^ = 


* 


a =0 - ' <°2 

p=o 


<f> 


(8.33) 


Focussing our attention on a. and |3 dependent terms only, we 


find 




(8.34) 


with 


C(a//3) 


V(oc,ff) = 


_1 1^ ia + 3ig|3 j 


1671 

0 

47t" 


(8.35) 


Thus our choice of X(a,/3) reproduces all the ambiguities in the 
renormalization of <\/f if ^ 

What we have shown, with the help of these simple 
examples, is that all the ambiguities in <0^ can be correlated 
with the arbitrariness in the choice of basis in the definition 
path- integral and thus can interpreted as arising from it. 

Finally we wish to make an important remark. While 
definition of ^ <P]> and the presence of 


ambiguities in the 
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potential divergences will always go together, the ambiguities 
themselves have been seen to be arising from a probably 
independent source within the path-integral formulation, and thus 
have a significance quite apart from that associated with 
divergences. The ambiguities may be compared with, and are on the 
same footing as the overall phase of the wavefunctions in Quantum 
Mechanics. The latter can be chosen arbitrarily without altering 
physically observable results. In other words, a quantity 
depending on this phase cannot be an observable. Our discussion, 
in fact, then suggests that the proper vertices that have 
primitive divergence cannot be observables for a more fundamental 
reason than normally associated with. 

To make our point of view very clear we make the 
following remark: Definition of the path- integral, like the phase 
of the wavefuntion, is always ambiguous irrespective of the 
question of divergences. This ambiguity may not have mattered, but 
the presence of potential divergences makes this ambiguity to have 
noticeable effects in calculation of Green'^s functions of 
operators. 

8 . 4 FURTHER GENERALIZATIONS 

In the previous section we explained our point of view 
regarding interpretration of renormalization counterterms with the 
help of renormalization of two simple operators. In this section 
we shall generalize the result to an arbitrary bilinear operator. 
Then, we shall make a few further comments. 

First consider an arbitrary local fermion bilinear. 
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operator of the form 

oiiif = ^(x) r. a a iii(x) 

Ml 

+ Added Terms, (n a i) (8.36) 

where the last term in the above equation represents terms added 
in order to make the operator 0 traceless in the Lorentz indices 
(H^. . , .fi^) , and is one of sixteen Dirac matrices (F? = 1). We 
shall consider the regularization and renormalization of this 
operator via the Fujikawa-type method discussed in the last 
section. Using Eq. (8.15) we can write 

< 0^®^ ><p s Trfd'^z a'^Cx-z) g( 1 ()r. a — a f(x) g(x,z) (8.37) 
j j. M 1 M n 

We have to show, now, that all ambiguities in the definition 
R 

of < O >0 can be accounted for by the arbitrariness in the choice 
of X. To show this, it is sufficient to give one choice of X 
which reproduces all renormalization ambiguities (though certainly 
many other choices would exist) . 

p 

Let the renormalization ambiguities in < 0 > be represented 

by local finite polynomial '•** u degree (n+3) : viz. 

^1 ^n 

< >^ - < >2 = fJ ^ ^ 

where F depends on as many arbitrary coefficients (here k) as 
there are independent local monomials of appropriate Lorentz 
transformation property. Now consider 

X a (5^)*'“*'^ + C r. y ^ F^ a ^ a ” . (8.39) 

^ *'^1 n 

(there is no summation over i) 
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In Eq. (8.37) choose q = i and f = 


-X 

,2n+2 


Then 


< 0^®^ ><P = Trjd'^z a ....a 






G(X,Z) 


( L m 2 i^+ 2 ] X 

“ ® G(X,Z) } 


(8.40) 


X = z 


Expanding G(x,z) as 


G(X,z) = G^(x,z), - igj (x,y) ^(y) G^ (y,z) d^ + (8.41) 


and further using 


Gq(x,z) 


r d^k 
J (27r)^ 


ik. (x-z) 


• % ' 


(8.42) 


we obtain, after using a^ e^^* (a^ + ik^) , 


a Tr 




. (a +ik ) exp [ (6 + iK)^]^'^^ 

'• ^n+2 


V- . V Uj V V 

+ e r ^ (a ^ + ik ^) (a + ik ") 

1 * ' * * n 

..2n+2 


— — i + contributions from higher 
®o •' order terms in G. 


(8.43) 


Now we define < 0^®^ > = < 0 ^•®*' ^ °2^^ ^ 


obtained by replacing F by zero. Hence, 


< o^®^ < 0^®^ = terms dependent on a. ...a, 

' 1 ' 2 -L «■ 
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We now show that there is only one term in Eq. (8.43) depending on 
«! — as M — ► oo . To see this first we rescale k — 4 Mk. 
Consider the M power of the leading term in M depending on F ; 

= ^Tr{r,(er,) 


(Mk^^) 






(8.44) 


~ M 


4+n 


j^n+2 


i = 0{H^) . 


All other F-dependent terms vanish as M » . We evaluate the 


,2 


term in Eq.(8.44) using tr (Ff y k) = tr (y ^ k) = 4k ^ , trace- 
lessness of F,^ ,, in any pair of indices v v symmetry 

i: •••K in, 

of F and 


n+1 


r 

= C J 5 . . .5 + 

I % 

permutations of { 


+ terms which do not contribute due to tracelessness of F. 


(C is the appropriate constant) 


We find, as M — 


< >* 


< >* = ? (4iC(-l)") F 


n, 


'<P 


1 ^n 


[<P] 


(8.45) 


== finite. 


Hence using definition of < 0^ > and choosing ? - [4ic(-l) ] 


We find 
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< > - < 0 ^ > 



• M 


[<f>, 

n 


a 


V 




(8.46) 


which is precisely Eq. (8.38). 

The operator in Eq. (8.36) is definied for n ^ 1. Consider the 
n = 0 case. 

Here, 


0 [ i/, ^ ] = ^ iH . 


(8.47) 


A choice of X reproducinq the renormalization ambiquities for this 
operator is 

~4 i , 

X - D +^r^F (no summation over i) (8.48) 

_ X_ 

is qiven by Eq. (8.15) with F = f(x) = e “ and q = ij 
Now any bilinear opeator {d,<p, d(p , . . . .)\l/ can be represented as 


m ”n ^ > (8*49) 

^ 1 ^ n 

and hence the result for the operators of the form (8.36) and 
(8.47) can be qeneralized to any such operator in one loop order. 

Suppose now we consider an operator of the type 

i?] = ^(X)t 1 r. a a \fr(x) (n s i) . (8. so) 

*^1 ^n ^m+1 ^n 

Such an operator can always be written in terms of ij/(x)d....d ^(x) 
and its total derivatives: 
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_ Tfi — ^ /' m 

0 [\» !>]-(-) isa ...8 3 .....a iC + a i; a n a a ..a J 

‘'l ''a.f'm+l «n s=l M r=l "r Vl V/ 


(r?*s) 


(8.51) 


Noticing that for an operator 0 and its total derivatives 


< ( * >“ > " <°^> ' 


(8.52) 


renormalization ambiguities in operators of Eg. (8.50) can be 
understood in terms of the ambiguities of the operators of the 
form given in Eg. (8.36). By the same token, the operators of the 
form (t, d, d(p, can be written in terms of and 

6[i/r,i&], considered already, by an expansion similar to that in Eg. 
(8.49) and thus any renormalization ambiguity in renormalization 
of such an operator is reproducible by varying the local operator 
X chosen to define the path-integral. 

We conclude by making a couple of comments. As has been 
mentioned before, the choice of operator X is not unigue. Take 

the example of the operator we have already considered, viz., 

— R 

0 = The renormalization ambiguities in < 0 > have already 

been seen to be reproduced by the dimension two operator given in 

Eg. (8.30). Another choice that would work as well is the 

dimension four operator of Eg. (8.48) with r s . 

Our discussion of renormalization ambiguities in the 
renormalization of operators has been restricted to one-loop 
level. Actually, regularization and renormalization in Fujikawa's 
Path-Integral formulation has rarely been carried beyond one-loop 
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approximation [52]. Until this is done we cannot comment on the 
validity of the view presented here beyond one-loop approximation. 
(It may be noted that operators quartic (or higher) in fermion 
fields contain at least two loops in their expectation values) . 


8.5 CONCLUSION 

In this chapter we discussed the renormalization of 
bilinear composite operators in path-integral framework at 
one-loop level in the setting of a Yukawa type theory. We have 
shown that all ambiguities in their renormalization can be 
understood within the path-integral approach as arising from the 
arbitrariness in the choice of basis for the definition of the 
path- integral. We also pointed out that just as the quantum 
mechanical wavefunction is defined only upto a phase factor which 
can be chosen without altering the physically observable results, 
the definition of the path-integral is ambiguous due to the 
freedom in the choice of basis to define the path-integral. This 
ambiguity may not have mattered, but due to the presence of 
potential divergences in calculation of Green's functions of 
operators, it has noticeable effects. 
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APPENDIX A 

In this appendix we shall present a general procedure 
for dealing with the terms in Eq. (2.48). To this end, we shall 
choose y and z s x-y as independent variables. Then the terms in 
the Eq. (2.48) become, upto an overall factor. 


[Py exp g) exp{- 


0, 2ik.D 
^a a 


M‘ 


M ''y+z 


} • 

J V-4-Z 


^ % rk'2) r ’^av 2ik'.D X 

^ “(y)r 5 -py exp {- ^ ? (y, 




+ the second term ] . 


(A.l) 


First, we shall present a general procedure for dealing with the 

f 2ik.D X 

exponential, exp -I = 5 [■ . The first term, 1, in its 

^ M (y+z) 

expansion, of course, contributes and has been partly dealt with 

in Sec. (2.5), and will be partly dealt with later in this appendix. 
We shall deal with the remaining terms here. Consider for 
concreteness the term - ^ expand A^(y+z) around z=0 

and express 


A^(y+z) 




(A. 2) 


Then this term, with A (y+z) replaced by A (y) , gives the 


contribution in the first term in (A.l): 


-2iear ^2 ^2^ ^2y. ^2^, gi(k+k').z (k j j^,A(y) ^ ^ a(y)r 5 


2\ / 2i k' 

X exp exp {- ^ ^ „2 ' 


2i k' .D. 
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Now the z-integration can be carried out explicitly yielding 
5 ^()c+k'). Then the k' -integration can be carried out. This 
results in the expression 


% fd^y d^k exp[^]k.A(y) 



cc(y)r^ 


exp 


t 



We now scale k 


only term in exp 


{ 


Mk" Then it is easy to see that as cd, the 

2 

ay_ '~ay i 

2 


M 


M 




that will contribute, is 1. This 


contribution can be easily evaluated and be shown to cancel with 
an identical contribution from "the second term" in (A.l). 

The same procedure is to be applied to the remaining 
terms in the expansion in (A.2) . It is easy to' show that the z 
and k' integrations can be carried out and the terms do not 
survive as co. 

In an identical manner, the remaining terms in the 

2ik.D. 


expansion of exp 


{- 


M 


M 




are dealt with and shown 


(y+z) 


not to contribute as M— 


We, now deal with remaining term obtained by replacing 
r i^a 2ik.D . 

exp ■ - — - X— [■ by 1 in (2.48) . We can now perform 

J (y+z) 

: 2 . ■ . 
z-integration yielding 5 (k+k' ) and then the k' integration. The 

result, upto an overall factor, is 

i2 


d^y d\ exp {^} ^ a(y,r^ exp } fC(y) 


+ the second term. 
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We now scale k — >^Mk and obtain 

M I d^y d^k exp |2k2} a(y)r^ exp | Av - } )((y) 

+ the second term. 

— 2 ik . D 

As M — ^ 00 , only the term ^ contributes from the 

" -2ik.8 

exponential. We have already dealt with the term tv — ^ in Sec 

M 

(2.5). The remaining contribution is 

M J d^y d^k exp |2k2j^ aCy)^^ (- ■) ^(y) (iea) 

+ the second term. (A. 3) 

This contribution is easily shown to be zero as a consequence 
of the cancellation of terms in (A. 3) using ^ ^ = 0. 
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APPENDIX B 

In this appendix, we shall show that there is no 
contribution coming from teirms other than the free Green's 
function in Eq. (2.39), when the expansion (2.45) for G(x,y) is 
used. 


We first consider the term arising from 
of Eq. (2.45). Omitting an overall constant it yields 


lim 

M-^oo 


Tr [Jd^xd^y 




Gq(x,z) 


^(z)G^(z,y) 



X ja^k' 



gik' . (x-y) 


^(y) 


1^2 / 2 

+ Jd^x d^y e iJd^z G^(x,z) ^(z) G^(x,y)j- f(y) 


J 


. (X- 


X d^-k' e 


y) 


a(y)yc] • 


In the above, we express 


Gq(x,z) 


' d^k^ ikj^*(x-z) 

2 ~~2 2 ^ 

( 271)2 3^2 


Gq(z,y) 





(z-y) 


(B.2) 


We then carry out the z -integration. Then we change the variables 
to k = k. and q = k--Mk, in momentum space, and to y=y and w = x-y 
in coordinate space. A little simplification allows us to express 
(B.l), again omitting an overall factor, as 
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Trjjd^y d^w d\^ d^q dV ei'J-y 


{- Jt - ^ >'l-°a}y+„ -1] i- (9) 

1 o 


'f-i- i- "o 


T-5j a(y)» exp|- -^ + ~ >''■%} HtY) 

+ other term j- . 


(B.3) 


We now rescale k' — > Mk' , k — > Mk w — > w/M to obtain 

± If 

• 2 

Trjd^y d^w d^q d^k' e^^’^ e ^ e^' ^ 


’'l-°a)y+w/M ^2 ^ 

1 o' 


k - d/M - iti 2ik'.D a 

-j 2 ^ “(y)r5 exp{ 1 + g — ^ } f(y) 

(k^-q/M)^- ml^^2 ^ I « J 


+ other term 


(B.4) 


.1 = f(y+w/M) can be 


f 2ik .D^ a 

If necessary, exp | ^ M Jy+w/M f(y+w/M) can be 

expanded in a Taylor series in w/M and the w and then k' 
integrations can be carried out. Using this procedure, or other- 
wise, it is evident from (B.4) that the only terms that can 
survive as are the ones in which the exponential operator 


factors exp | 2 "" M ®^P | ~ 

replaced by one. These contributions are 


<1 . 

»2 ^ M J 
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lim fd^y d^w d^k- d^q d^k' e ^ 

J ^ 


, 2 


M-^00 


h - “o/« 


K - 


O’ -- . - s</« - V” 

2-:^ ^ 


m‘'/M 
o 


(k^ - q/M)" - m^/M 


m /M p -, 

2 2 — 2 A(y)a(y)r5 , 

— Tn /M L. J 


(B.5) 


which is regularized and vanishes because the term in the last 
square bracket vanishes. 

The contributions from G- G_ .... can be dealt with 

Z f J f 

more easily. These contributions are finite without regulators. 
So we let M — >■ » inside the integrals. Then the corresponding 
contributions from the two terms in Eg. (2.39) will add up to zero 
when ^ ^ = 0 is used inside the integrals. 
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APPENDIX C 

In this appendix we shall deal with the terms on the 
right-hand side of Eq. (2.32) except the first, and show that they 
do not contribute. First, consider 


E E / (C.l) 

p n (Up - m^) (U^ - m^) 

where is given in Eq. (2.33) as 

pn ^ / 

"pn = 4 [<“»5)ps + (“’'slsn <«ps]® 

(C.2) 

When (C.2) is used in (C.l) and simplifications are made using 
Eq. (2.37), we obtain, for (C.l), 


Z ( ^() 

^ ^ (?X -mJ^U^-m ^=^ ^ ^(z)Gj,(z,y) r 5 a(y) 


X e 


S^(x-y) }!(y)] 


+i tr[Jd2x d"y d^a G 


— 2 -I 

(x,z) ^(z) Gjj(z,y) ^(y) e 5^ (x-y)a(y)J . 


(C.3) 


First, consider the contribution to the right-hand side of Eq. 
(C.3) coming from the free Green's function. It is 
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This contribution is almost the same in form as the contribution 
from dealt with in Appendix B (See Eg. B.l) except that the 
second free Green's function is regularized rather than the first. 

r 1 

e ' G^(x,y) = G^jj(x,y) . This does not alter much the 
evaluation of (C.4) and is readily shown to be zero by a process 
similar to that in appendix B. 


The contributions (C.3) coming from higher order terms 
in G are finite without regularization and vanish between the two 
terms using + y^^ = 0. 

In a similar manner, the remaining contributions to the 
right-hand side of Eg. (2.32) are finite without regularization, 
and when regularization is removed, =0, as seen using 
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APPENDIX D 


In this appendix, we shall give some technical details 
of the contribution of the free Green's function to the right-hand 
side of Eg. (4.21). 

Consider the first term on the right-hand side of Eq. 
(4.21). This term, using Eqs. (4.26) and (4.27), becomes 


- ie(l-a) 




d^x d^y d'^k d^k ' ^i(k-k') . (x-y) 


(2rr) 


8 


fk^+k' 

L m2 J 


X Tr|exp 


-f exp f- 


^ax 


2ik.D. 


^•°axl , , , r 

“2 ~2 2 

M^ J k^-m^ ^ L M 


L 


M" 


r ray 2ik'.D^y 

'■ 2 " 




P 


ax 


2ik.D 


* axl 


1 around x = y in a Taylor series. 


We expand exp - 

^ W 

We write x = y+z and change variables of interation to y and z. 

Then the z-integration can be done which yields 6 (k-k' ) or its 

derivatives. The k' integration can also be done, leaving only one 

momentum integration over k. We scale this k, by M. One then has 

to count the powers of M coming from various sources and only keep 

those terms which have no net negative power of M. To this end we 

4 4 

note that a) d k yields a factor of M , propagator yields a 

—1 4 . —1 

factor of M and each derivative of 5 (k-k' ) would yield M ; b) 

In order to get a nonzero trace with r^/ there must be at least 

four r-matrices; c) The resulting integrand must be an even 

function of k. These considerations limit the (possibly) 

contributing terms to the following : 


(i) 


0 


k' . D. 


^ from the first exponential and — term from the 


second; 


M 
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j) 

(ii) from the first exponential and — ^ term from the 

second; 


(iii) 


second ; 


from the first exponential and 1 from the 


• * 3.X[ d.X 

(iv) — 5 —. — 5 — type term from the first exponential and 1 

from the second; 


(V) 


1 from the first exponential and 
term from the second. 


(i) (k'.D_) 






M 


type 


Of these, contribution (ii) is easily seen to be 
proportional to vanishes in the Abelian case. 

Contributions (iii) and (iv) when summed over the two terms on the 
right-hand side of Eq. (4.21) are seen to vanish because of 
= 0 without the need of calculation. 

Contribution (i) and (v) are both numerically equal and 
they together lead to the result of Eq. (4.28). 
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In this appendix, we shall deal with the contribution 
from term in the Green's function (see Eq. 4.24) to the chiral 
anomaly, given by Eqns. (4.29) and (4.31). The contribution from 
G^ to the first term on the right-hand side of Eq. (4.21) is, 

ie^a(l-a) Jd^x. dV exp|^- Gq(x,z) ^(z)G^(z,y) (x(y)7^ 

r 0^ 1 . 

expj^- J 5 (x-y)^(y) . (E.l) 

Using Eqs. (4.26) and (4.27) in Eq. (E.l), we obtain, after some 
simplification. 


.k?tk2 


ie^a(l-a)Jdx dy dkj^dk2dk exp {ik^^.x - ik2«y + ik. (y-x)> exp — j 


( r ^a 

X Tr|exp|^- —2 


J k,-mf ^ ^ 

1 o 

)^2'”o , , r 

I — j a(y) rg exp - - 
r-m^ ^ L M 


K-K 

2 O 


^ 2ik.D 
2 




(E.2) 


We carry out a change of variables from x, y to w — (y-x) and y. 


As in Appendix D, we expand exp 2 2 — powers of u 

in a Taylor series around x = y and then carry out the w 
integration. This gives 5 (k^-k) . Then the k^ integration can be 
done. A further change of variables k = , k 2 = is 
carried out. Then a rescaling p — >Mp is done keeping q fixed. 
The power counting used in Appendix D together with identities (i) 


2ik. .D. 
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(ii) Trir^cr^^ ^ ^ y ^ > = 0 and (iii) ^ y ^ > = 0, lead 

us to the only surviving term which comes from the first term 1 in 

r 2ik.D . k.D 

the expansion of - — ^ ^ — , and — term from 

^ *- M M -* 

r 2ik.D 1 

exp - — - ■ ♦ The net result for this contribution is 

L m"' yr ^ 


stated in Eq. (4.29). 


Next, we shall come to the contribution ^ 2 ^^^ 


fourth term on the right hand side of Eq. (4.19). 
contribution can be cast in the form 


This 


ie^(l-a)^Jdxdydz G(x,z) ^(z) G(z,y) exp Ja(y)yg exp|^ j 


S (y-x) y(y) 


+ a similar term 


(E.3) 


We note that this term is very similar to the expression 
(E.l) except that G^ — > G and location of one of the regularizing 
exponentials is changed. Only the free Green's function 
contributes in (E.3) and the calculation is similar to that of the 
expression (E.l). The result is stated in Eq. (4.31). 
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In this appendix, we shall briefly sketch the 
calculation of the right hand side of Eq. (4.53). Firstly, 
however, we shall explain as to why the multiple commutator terms 
in Eq. (4.50) do not contribute. As is evident in many 
calculations using Fujikawa techniques, one would encounter 

[0a, [0a f0a, 

< n commutators > 

We note that the k term in each of (JZ)^+i)() does not contribute 
to the commutator. As such, when the scaling k -^Mk is carried 
out, the above expression is 

^ ^ikM.X M“^*^“^[^^+2iMk.D^,[(0^+2iMk.D^, . . . ,[(0^+2iMk.D^, ]..]. 

*IX“2 

The leading term (in powers of M) is of 0(M ) and thus the 

power of M associated with a nested nth-order commutator goes on 
decreasing as n increases. A simple power counting then shows 
that for n > 2, the contribution to Eq. (4.50) vanishes as M— . 
For n = 2, the only term that could contribute in the limit M— ^ » 
vanishes as tr (r^^l^) = 0. 

Now, consider one contribution to Eq. (4.53), it contains 
f0ax^“'^^“0ax^ 

= [(0^^+iit) $a+^a 

= [^ ^a+^(x$ + (ieaf + iJO^^a + ^a(iea^ + i)d)] 

= [a^a + 2d^(x + 2(ieaA + ik).aa]. 


(F.l) 





After rescaling 3c — > Mlc, the square brac3cet becomes 
a^a + 2d^(x d + 2ieaA.aa 

3^ + 2 J-K » doc . . 

— + ^ . (F.2) 

M 

The above expression contains no y-matrices. As seen earlier in 
Appendix D, a nonzero contribution is possible when is 

accompanied by at least four y-matrices. A simple power counting 
and counting of y-matrices shows that only the second term in 

(F.2) can contribute. In a similar manner, the term containing B' 
in Eg. (4.53) can be dealt with. 

The contributions come both from the free Greenes 

function and also from G^^. The result is stated in Eg. (4.55). 

Next consider the contribution to Eg. (4.53) arising 

from [B,A] type term. This term contains 

= [(03 + (03 + m ^oc + (0^ + i^)] 

= m”"* [0^ + 2i]c.D^ , a^a + Zd^oc a„ + 2(ieaA + i]c).aa]. 

« a fl 

As M — > IcM, this goes into 

_ ^i}cM.x jj-2 j2iJc.D^, 2ilc.aa] + 0 (m"^) 

Then the power counting and the counting of y-matrices shows that 
there is no contribution as M — >». The same applies to the term 
[B' ,A' ] in Eg. (4.53) . 





appendix g. symmetric formulation of the family of anomalies 

IN (QED)^ 


As mentioned in Sec. (4..1) , chapter IV, our formulation 
of the family of anomalies of Eqs (4.6) is in terms of a single 
quantity , which depends only on the regularized axial - vector 
current. (The reason for this has been given in Sec. (4.1). 

Following our work [13,14] for a similar family structure in two 
dimensions, we could think of giving an alternative formulation 
which is "symmetric” in the vector and axial-vector currents and 
hence involves both the regularized axial and vector currents in a 
symmetric fashion [19]. [For exact definitions see Eqs (G.5) and 
(G.6) below]. This is the purpose of this appendix. 


There is, however, an important difference in two and 
four dimensions. This arises from the fact that in two dimensions 
there is really one independent current for. 


and 





(G.l) 


This facilitates the symmetric formulation of anomalies 
in two dimensions. The anomaly equations can now be symmetrically 
expressed in terms of respectively as the 
anomaly in either of these is ultimately related to a single 
Green's function <0|T (J^(x) J^(y)]|0> on account of Eq (G.l). 
In four dimensions, and are independent currents (giving one 
of them does not fix the other) , and so are c and defined as 
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= 0 exp(4a/M^) ^^^5 'I’ > 


and 


jVM = ^ exp(-^^/M^) Tj. exp (-5<^/M^) • 

ll a M- 


(G- 2a) 


(G- 5b) 


In four dimensions, the anomaly in QED resides in t:he 
triangle diagram, i.e. in the Green's function <0|T [a^(x) (y, 

j'^(z]|0>- If fhe regularization is provided through axial-vector 

current via Eq (G.2a) , one would have <0|T [J^(x) J^(y) I »> 

and this is what we have dealt with indirectly^ via Wj^CA). If Qne 
is to regulate the anomalous Green's function via the definition 
of Eg. (G.2b) of the regularized yssSot current, one wotia 
consider <0lT symmetrized or 

<01T [J^(x) J^Cy) jf(z)l|0>. in OED the difficulty now ari^os 

in that whiJ <01T [jf(x) J^y) f"""*"** * 

functional derivative of 

gauged, a similar thing cannot he done within pure QED for 

<0|T [<(X) if (y) ll(^)]|0> because the axial-vector current 

not gauged and this Green's function cannot be related to <jf> 

by taxing its functional derivatives. This would imply the n^ed 

for calculation of the associated functional integral involvi„, 

/ani-e a verv laborious task indeed. \fQ 

product of three currents, a y 

therefore proceed as below. 

We consider the quantity <jJ(x) Jy(y)>A ® functional 
Of A. in providing regularization to this quantity via E,.(G.2a,, 


^As seen later , 


functional derivative 


of W contains some 


additional terms also. 


See Eq. (G.5) 
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we replaced this as given below ; 

« ® J4(y»axial 

reg 

^Vfji = " 5A^(y) (G.3) 

The axial-vector anomaly equation (4.6a) could be 
formulated in terms of X as 


< V “ - "“o rr;^ ”p 


.. 2 


8jt 


2 -u 


^ ie-(l-|3) ^vX<r ^ 


(G.4) 


We wish to formulate the vector anomaly equation (4.6b) 
not in terms of which depends on regularized axial-vector 
current but on a quantity symmetric to X, which depends on the 
regularized vector current. It should be emphasized that, in four 
dimensions, we are now going to define an independent 
regularization of the triangle diagram and hence have the freedom 
in defining it, to be used later. 


In order to obtain insight into the definition of a 
quantity symmetric to X, we shall study X first. 


Consider ( X s lim X** ) 

M-^oo 

< [ A; y 1 = - 


s A^(y) 


[w [A] I 


Dtli Dip e® 3*'j^(x)j 


“ {rw I (X) J^ty) - ^'*’]}conn' 


(G.5) 

where "conn” denotes the connected part. We, now, wish 
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to define a symmetric quantity [A;x,y] depending^ on (x) . 

It is easy to replace the first term in the square bracket on 
RHS of equation above: It should be replaced by d^J-^(x)j^(y) . 

The second term is an axial vector and it should reaalai so in the 
definition of Y^. Hence, we cannot replace h.«re. 

Hence we define in the massless case (which is 
sufficient to establish the family structure) 

aX • iiir{wTO I ■^(y) 


s \(y> 




V 

+ a Y 


conn 


ovu 


(G.6) 


Here, the term Y^^^indicates the freedom we have in defining this 
independent regularization of the triangle diagram. We shall 
choose Y^ to be independent of 'a' and such that vanishes at 
a=l. [While this is not necessary, it does replace the vector 
anomaly equation (4.6b) by an equation of the similar form vithout 
extra local terms.] 

We shall, now, indicate as to. how can be 
evaluated. This will be done by relating 3 *'y^^ to Consider 


{rTxi I 


e® 3^J^(x) 




conn 


X vu 


[A;x,y] 


(G.7) 

In this quantity, we shall replace the reparesentation 
for y-matrices by — > i . The quantity under consideration 
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becomes 


f. r D# d 5 (X) ^’(y)} = < 4 ;'” 

I W [A] J ^ ^ Jconn 


(G. 8) 


W [A] 

where S' = | <l*x J • 

ice that a*' differs from a similar term in 

that there is an overall 


We notice 




.V vM ?y in that S — > S' and 

^ xtllM vClIM . 


sign change. We now 


Defining 


proceed to relate 3 X, 


V4 


vu 


and 


1 r DV» D? e® (/»(x) i?(y) = G(x,y), 

"■ W [A] I 

1 f D? eS'i^(x) 0(y) - G'(x,y) = i G(x,y)r 5 
" W [A] J ^ 


(G.9) 


= -i Tg G(X,y)/ (G.IO) 


We 


r -x^/M^l 

easily see that [f(x) = e J 


V x[l]M [A;x,y] = tr[G(y,x) 
X Vjx 


whereas 

9 


•'ytll” tA;=^-y] = -a* tr[G' (y,x) t(^;)V5 V' 


X Vfi 


and using (G. 10) we see that 


a;;xW” = 


(G.llb) 


(G.12) 



, fhe theory are changed, the operator 
W the r-matrices of the ,3 alao 

and its eigenfunctions ♦„( product of Jacobians is 1. 

affected in principle. However, the pro 
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Now, we come to the remaining terms in X and Y. Defining 


TA-x v1 * - 
^ tA,x,yj - 


rrsi I 


.S 3 


« A„(yT "" 


lim 
M-»co 


< K" rT;;Ty]- [*(®ax) Vs 


whereas , 


(G.13) 


a*” Yt^)[A;x,y] . (-, ^ J D« Djf a® ^ a^ j^(x) 


^ lim 
M-*<» 


" [A;x,y] 


= xt2][A;x,y] - a*' YC2][A;x,y], 


(G.14) 


where Y^^^ is a-independent and chosen to make Y^^^ = 0 at a=l. 
We thus find that 

3*^X^^[A;x,y] = a’^X^^[A;x,y] + a-independent terms to make 


l.h.s. zero at a = l. 


(G.15) 


But as seen earlier, X^^ is, in the massless case. 


8 ^ Y FA’x vl ~ (1+a ) vX<T _ - . _x »4 . . 

X ^VU l•A/X,y] — ^ a^ 3 (x-y) . 

oTC 


(G.16) 


Thus Eqs (G.15) and (G.16) yield: 


X [A;x,y) = ^x j4 

oTZ 


Y 


Eqs (G.16) and (G.17) are the analogues of Eqs (4.6) for the 
massless case. The modification of Eq. (G.16) in the massive case 
is well known. 




